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Energy level method 
lRaw data: finite volume energy levels 𝐸!"

lGet observables: Lüscher's formula
►𝐸!"~𝛿(𝐸!")

►AKA Lüscher quantization conditions

Luscher:1990ux

Long-range interaction and small box？

Left-hand cut problem
L. Meng et al, PRD109 (2024) 7, L071506; 
Hansen et al. JHEP 06 (2024) 051; 
Rishabh Bubna et al. JHEP 05 (2024) 168
…

Asymptotic behavior: for  𝒓 > 𝑹

Periodic Boundary condition:
𝑳
𝟐
≫ 𝑹 𝜓 𝑟 = 𝜓 𝑟 + 𝐿

𝐸!

𝐸"
𝐸#

𝐸
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Potential method
lRaw data: Nambu-Bethe-Salpeter wave function (NBS WFs)

AKA: HAL QCD (Hadrons to atomic nuclei from LQCD) method
Ishii:2006ec,Aoki:2009ji,Aoki:2012tk

Time-dependent

Time-independent  

Nambu-Bethe-Salpeter 
wave function (raw data)

Derivative expansion

Potential Observables

Aoki:2009ji,Aoki:2012tk

Used for 𝑁𝑁,𝑌𝑁,𝐷𝐷∗, …
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Contents

lPart I: Energy level method

►Left-hand cut problem

►Our solution: Hamiltonian method + Chiral EFT

lPart II:  Potential method

►The general problem

►Basics of scattering theory

►Derivative expansion

►Seperable expansion: EST method
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Left-hand cut problems

+ERE

𝐸!" + LQCs

lhc

lhc
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Left-hand cut problems

+ERE

𝐸!" + LQCs

lhc

lhc

+ ERE
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Left-hand cut problems

+ERE

𝐸!" + LQCs

lhc

𝐸!" + LQCs + ChEFT/extended ERElhc

+ ERE
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Left-hand cut problem
lHamiltonian method

lModified effective range expansion
R. Bubna, H-W. Hammer, F. Müller, J-Y. Pang, A. Rusetsky and J-J. Wu, JHEP 05 (2024) 168

lModified Lüscher quantization condition
A. Raposo and M. Hansen, JHEP 08 (2024) 075

lUsing three-particle formalism
 M. Hansen, F. Romero-López and S. Sharpe, JHEP 06 (2024) 051

lN/D formalism
S. M. Dawid, A. W. Jackura, and A. P. Szczepaniak, Phys. Lett. B 864, 139442 (2025).

lComparisons: S. M. Dawid e tal, JHEP 09, 058 (2025). (only the formalism in the infinite volume)

J.-J. Wu, T.-S. H. Lee,  et al, Phys. Rev. C 90, 055206 (2014).
L. Meng and E. Epelbaum, JHEP 10, 051 (2021) (plane wave basis + irrps. )
K. Yu, G.-J Wang, J.-J Wu et al, JHEP 04 (2025) 108 (helicity basis, EVP)
Applications:
L. Meng and E. Epelbaum, PoS LATTICE2022, 201 (2023). (NN)
L. Meng, V. Baru, et al. Phys. Rev. D 109, L071506 (2024). (𝑇$$)
L. Meng, E. Ortiz-Pacheco, et al, Phys. Rev. D 111, 034509 (2025). (𝐷𝐷∗, 𝐼 = 1)
Sasa Prelovsek et al. Phys.Rev.D 112 (2025) 1, 014507 (𝐷𝐷∗ with more operators)
…
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Other traps
lTrapped in cubic box: Lüscher formula 
lHarmoic trap: BERW formula

T. Busch, B.-G. Englert, K. Rzażewski, and M. Wilkens, Found. Phys. 28, 549 (1998).
A.Suzuki, Y. Liang, and R. K. Bhaduri, Phys. Rev. A 80, 033601 (2009). (higher partial wave)
P. Guo and B. Long, J. Phys. G 49, 055104 (2022). (coupled channel and different traps)
H. Zhang, D. Bai, Z. Wang, and Z. Ren, Phys. Lett. B 850, 138490 (2024). (charged particles)
Y. Yang, E. Epelbaum, J. Meng, L. M, and P. Zhao, Phys. Rev. Lett. 135, 172502 (2025). (n-alpha scattering)
…
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Contents

lPart I: Energy level method

►Left-hand cut problem

►Our solution: Hamiltonian method +Chiral EFT

lPart II:  Potential method

►The general problem

►Basics of scattering theory

►Derivative expansion

►Seperable expansion: EST method
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Potential method
lRaw data: Nambu-Bethe-Salpeter wave function (NBS WFs)

AKA: HAL QCD (Hadrons to atomic nuclei from LQCD) method
Ishii:2006ec,Aoki:2009ji,Aoki:2012tk

Time-dependent

Time-independent  

Nambu-Bethe-Salpeter 
wave function (raw data)

Derivative expansion

Potential Observables

Aoki:2009ji,Aoki:2012tk

Used for 𝑁𝑁,𝑌𝑁,𝐷𝐷∗, …
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Potential from wave functions
lAsymptotic behavior of equal-time BS amplitude (BSWF, or NBS WFs)

►𝑇(𝑝; 𝑘): half-on-shell T-matrix
►𝜓(𝑥⃗; 𝑘) satisfy the Lippmann-Schwinger eq. as the non-relativistic scattering wave function

lTime-independent HAL QCD (set 𝑚 = 1, 1D case as an example)

lTime-dependent HAL QCD: correlation without ground state saturation

lGeneral problem: get potential 𝑉(𝑟, 𝑟′) once {Ψ$!(𝑟)} or {𝑅%(𝑟)} are given

CP-PACS:2005gzm

Ishii:2012ssm

C𝑑𝑟′ 𝑉 𝑟, 𝑟′ 𝑅 % 𝑟’ = 𝐾 % 𝑟 𝑅 & (𝑟) and 𝐾 & (𝑟) are known
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To bind or not to bind
lWith (deeply) bound NN lWithout bound NN (or inconclusive)
2006 NPLQCD First dynamical calculations
2011 NPLQCD 𝑀' ≈ 390 MeV
2012 Yamazaki et al. 𝑀' ≈ 510 MeV
2015 NPLQCD 𝑀' ≈ 800 MeV
2015 Yamazaki et al. 𝑀' ≈ 310 MeV
2015 CalLat 𝑀' ≈ 800 MeV+P,D,F waves
2015 NPLQCD 𝑀' ≈ 450 MeV
2020 NPLQCD 𝑀' ≈ 450 MeV

2012 HAL QCD 𝑀' ≈ 710 MeV
2012 HAL QCD 𝑀' ≈ 469 − 1171 MeV

2019 “Mainz” 𝑀' ≈ 960 MeV
2020 CoSMoN 𝑀' ≈ 714 MeV
2021 NPLQCD 𝑀' ≈ 800 MeV
2025 BaSc 𝑀' ≈ 714 MeV

1

2

3

Talk of A.Walker-Loud in lattice2023:https://indico.fnal.gov/event/57249/contributions/271301/ 

Uncontrolled 
systematics 
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To bind or not to bind
lWith (deeply) bound NN lWithout bound NN (or inconclusive)
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2011 NPLQCD 𝑀' ≈ 390 MeV
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2020 CoSMoN 𝑀' ≈ 714 MeV
2021 NPLQCD 𝑀' ≈ 800 MeV
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1

2

3

Uncontrolled 
systematics 

A  benchmark of two methods
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To bind or not to bind
lWith (deeply) bound NN lWithout bound NN (or inconclusive)
2006 NPLQCD First dynamical calculations
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2012 Yamazaki et al. 𝑀' ≈ 510 MeV
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2015 NPLQCD 𝑀' ≈ 450 MeV
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2020 CoSMoN 𝑀' ≈ 714 MeV
2021 NPLQCD 𝑀' ≈ 800 MeV
2025 BaSc 𝑀' ≈ 714 MeV

1

2

3

Uncontrolled 
systematics 

A  benchmark of two methods

Disclaimers:
l I am not the member of the 

HAL QCD group
l I will try my best to be fair
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Contents

lPart I: Energy level method

►Left-hand cut problem

►Our solution: Hamiltonian method +Chiral EFT

lPart II:  Potential method

►The general problem

►Basics of scattering theory

►Derivative expansion

►Seperable expansion: EST method
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The only obseravble: cross section
lScattering theory: interactions occur over a finite region

►Inner region (interacting region):  𝑉 𝑟 ≠ 0 (𝑟 < 𝑅)
►outer region (asymptotic  region): 𝑉 𝑟 = 0 (𝑟& > 𝑅)

lAsymptotic states (trajectories): particles are free long 
before and after the collision

lThe observable: cross section

lNon-observable
►Non-asymptotic behavior of 𝜓
►Off-shell T-matrix
►Potential

On-shell scattering amplitude 
Phase shift
Asymptotic wave function

Cross section

Classic 
scattering

E. Epelbaum, et al, Can the strong interactions between hadrons be 
determined using femtoscopy?, arXiv:2504.08631

A related debat
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Local potential vs Nonlocal potential
lGeneral potential in coordinate and momentum space:

lRepresentation with derivative operator

lNo reason to reject nonlocal potentials: nonstatic, short-range, inelastic…

𝑝

𝑝′

−𝑝

−𝑝’

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2, gA = 1.29

B2 : C = ↑119.366 →2, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r↑)

↓p|p↑↔ = 2ωε(p↑ p↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =

∫
dr↑V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p↑ ↑ p,

s = r↑ ↑ r, k = p→+p
2 .

V (r↑, r) = (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

= (2ω)→2

∫
dkdqV̄(q, k)ei(ks+qR)

= (2ω)→2

∫
dkdqV̄(q,↑iϖs)e

i(ks+qR)

= V̄ (R,↑iϖs)ε(s)

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2, gA = 1.29

B2 : C = ↑119.366 →2, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r↑)

↓p|p↑↔ = 2ωε(p↑ p↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =

∫
dr↑V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p↑ ↑ p,

s = r↑ ↑ r, k = p→+p
2 .

V (r↑, r) = (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

= (2ω)→2

∫
dkdqV̄(q, k)ei(ks+qR)

= (2ω)→2

∫
dkdqV̄(q,↑iϖs)e

i(ks+qR)

= V̄ (R,↑iϖs)ε(s)

(1D as an example)

exchanged

nonlocal

Tamagaki, R., & Watari, W. (1967). Potential model approach. Prog. Theor. Phys. Suppl., 39, 23–90

Potential matrix 
element in C.M.F

v

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2
, gA = 1.29

B2 : C = ↑119.366 →2
, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r
↑)

↓p|p↑↔ = 2ωε(p↑ p
↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp

↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp

↑V(p↑, p)ei(p
→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

V(p↑, p) = ↓p↑|V |p↔, ↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑)

V (r↑, r) = ↓r↑|V̂ |r↔, ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p
↑ ↑ p,

s = r
↑ ↑ r, k = p→+p

2 .

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2
, gA = 1.29

B2 : C = ↑119.366 →2
, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r
↑)

↓p|p↑↔ = 2ωε(p↑ p
↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp

↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp

↑V(p↑, p)ei(p
→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

V(p↑, p) = ↓p↑|V |p↔, ↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑)

V (r↑, r) = ↓r↑|V̂ |r↔, ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p
↑ ↑ p,

s = r
↑ ↑ r, k = p→+p

2 .
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Local potential vs Nonlocal potential
lGeneral potential in coordinate and momentum space:

lRepresentation with derivative operator (local limit)

lNo reason to reject nonlocal potentials: nonstatic, short-range, inelastic…

𝑝

𝑝′

−𝑝

−𝑝’

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2, gA = 1.29

B2 : C = ↑119.366 →2, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r↑)

↓p|p↑↔ = 2ωε(p↑ p↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =

∫
dr↑V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p↑ ↑ p,

s = r↑ ↑ r, k = p→+p
2 .

V (r↑, r) = (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

= (2ω)→2

∫
dkdqV̄(q, k)ei(ks+qR)

= (2ω)→2

∫
dkdqV̄(q,↑iϖs)e

i(ks+qR)

= V̄ (R,↑iϖs)ε(s)

(1D as an example)

Tamagaki, R., & Watari, W. (1967). Potential model approach. Prog. Theor. Phys. Suppl., 39, 23–90

Potential matrix 
element in C.M.F

v

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2
, gA = 1.29

B2 : C = ↑119.366 →2
, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r
↑)

↓p|p↑↔ = 2ωε(p↑ p
↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp

↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp

↑V(p↑, p)ei(p
→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

V(p↑, p) = ↓p↑|V |p↔, ↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑)

V (r↑, r) = ↓r↑|V̂ |r↔, ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p
↑ ↑ p,

s = r
↑ ↑ r, k = p→+p

2 .

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2
, gA = 1.29

B2 : C = ↑119.366 →2
, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r
↑)

↓p|p↑↔ = 2ωε(p↑ p
↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp

↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp

↑V(p↑, p)ei(p
→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

V(p↑, p) = ↓p↑|V |p↔, ↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp

↑V(p, p↑)ϑ(p↑)

V (r↑, r) = ↓r↑|V̂ |r↔, ↓r|V̂ |ϑ↔ =
∫

dr
↑
V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p
↑ ↑ p,

s = r
↑ ↑ r, k = p→+p

2 .

r = r→

V̄(q, k) = V̄(q)

V̄ (R) = (2ω)↑1

∫
dqV̄(q)eiqR

V (r→, r) = (2ω)↑2

∫
dkdqV(p→, p)ei(ks+qR)

= (2ω)↑2

∫
dkdqV̄(q)ei(ks+qR)

= V̄ (R)ε(s)

= V̄ (
r + r→

2
)ε(r→ → r)

↑r|V̂ |ϑ↓ =
∫

dr→V (r, r→)ϑ(r→)

= V̄ (r)ϑ(r)

r = r→

V̄(q, k) = V̄(q)

V̄ (R) = (2ω)↑1

∫
dqV̄(q)eiqR

V (r→, r) = (2ω)↑2

∫
dkdqV(p→, p)ei(ks+qR)

= (2ω)↑2

∫
dkdqV̄(q)ei(ks+qR)

= V̄ (R)ε(s)

= V̄ (
r + r→

2
)ε(r→ → r)

↑r|V̂ |ϑ↓ =
∫

dr→V (r, r→)ϑ(r→) = V̄ (r)ϑ(r) 𝑝

𝑝′

−𝑝

−𝑝’

𝑞

Static boson-exchange
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Unitary transformation

lPotential is not observable: cannot be determined uniquely by scattering experiments
►Eg: high precision nuclear forces

lObservable-equivalent potentials are related by unitary trans. (UT) or field redefinition
𝐻 𝜓 = 𝐸 𝜓 ⇒ 𝑈𝐻𝑈†𝑈 𝜓 = 𝐸𝑈 𝜓 ⇒ ,𝐻 -𝜓 = 𝐸𝑈 -𝜓

►Potential, Non-asymptotic 𝜓 and off-shell T −matrix and are changed consistently
lUT can relate local potentials to nonlocal potentials
lSimilarity renormalization group Ekstein:1960xkd

Aoki:2008hh

Local NN force 

Reinert:2017usi

Chiral NN force

Nonlocal NN force 

Phase shift equivalent

Unitary transformation
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Query 1: potential is not observable

Query 1: Given the potential is not observable, is HAL QCD method still reasonable? 
l In principle one may choose any composite operators with the same quantum numbers as the 

hadron to define the BS wave function 
lDifferent operators give different BS wave functions and different hadron potentials

►They are related by UT
►We anticipate they lead to the same observables such as the 𝛿 and 𝐸'

𝒪! 𝑉!

𝒪" 𝑉"

{𝜓!}

{𝜓"}
𝛿

Aoki, S, et al, PTEP, 2012, 01A105; S. Aoki’s talk @Lattice 2019
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Query 2: Additional information from WFs of interacting region?
Query 2: Additional information from WFs of interacting region? 
lAsymptotic region WF: several 𝛿 𝑘% , similar to Luscher 
l Interacting region WFs ⇒ Potential ⇒ 𝛿 𝑘

►scheme-dependent

lTo quantifying the uncertaities of phase shift other than 𝛿 𝑘% : different parameterization of V

Yamazaki, T., & Kuramashi, Y.  PRD96(2017), 114511.
And subsequent reply and comment
PRD98(2018), 038501; PRD98(2018), 0385012

Interacting region
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Query 2: Additional information from WFs of interacting region?
Query 2: Additional information from WFs of interacting region? 
lAsymptotic region WF: several 𝛿 𝑘% , similar to Luscher 
l Interacting region WFs ⇒ Potential ⇒ 𝛿 𝑘

►scheme-dependent

lTo quantifying the uncertaities of phase shift other than 𝛿 𝑘% : different parameterization of V

Yamazaki, T., & Kuramashi, Y.  PRD96(2017), 114511.
And subsequent reply and comment
PRD98(2018), 038501; PRD98(2018), 0385012

Interacting region
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Query 2: Additional information from WFs of interacting region?
Query 2: Additional information from WFs of interacting region? 
lAsymptotic region WF: several 𝛿 𝑘% , similar to Luscher 
l Interacting region WFs ⇒ Potential ⇒ 𝛿 𝑘

►scheme-dependent

lTo quantifying the uncertaities of phase shift other than 𝛿 𝑘% : different parameterization of V

Yamazaki, T., & Kuramashi, Y.  PRD96(2017), 114511.
And subsequent reply and comment
PRD98(2018), 038501; PRD98(2018), 0385012

Interacting region
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►Our solution: Hamiltonian method +Chiral EFT
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Derivative expansion
lDerivative expansion

lLO

lNLO

lAdvantages:
►Efficient for long-range potential: pionic dynamics, chiral symmetry

E.g two-pion tail of 𝑫𝑫∗ interaction
►Local potential: easy for many-body calculation

lSeveral possible problems beyond the LO
►Hermitian problem
►Singular potential
►Unconvergent potential⇒unconergent three-body observables

Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04. 

Y. Lyu et al., Phys. Rev. Lett. 131, 161901 (2023).
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Hermitian 
lDerivative expansion of HAL QCD group

►Non-Hermitian: all the differential operators acting to the right
►d(𝑅 𝑟 /𝑑𝑟( can be calculated directly ⇒ algebra eq.
►Equivalent expansion in momentum space

lOptional hermitian Derivative expansion: 

►Have to solve differenttial eq.

r = r→

V̄(q, k) = V̄(q)

V̄ (R) = (2ω)↑1

∫
dqV̄(q)eiqR

V (r→, r) = (2ω)↑2

∫
dkdqV(p→, p)ei(ks+qR)

= (2ω)↑2

∫
dkdqV̄(q)ei(ks+qR)

= V̄ (R)ε(s)

= V̄ (
r + r→

2
)ε(r→ → r)

↑r|V̂ |ϑ↓ =
∫

dr→V (r, r→)ϑ(r→) = V̄ (r)ϑ(r)

V (p→, p) = Ṽ (q, p) = Ṽ0(q) + Ṽ1(q)p+
1

2
Ṽ2(q)p

2 + ...

V (p→, p) = V̄ (q, k) = V̄0(q) + V̄1(q)k +
1

2
V̄2(q)k

2 + ...

r = r→

V̄(q, k) = V̄(q)

V̄ (R) = (2ω)↑1

∫
dqV̄(q)eiqR

V (r→, r) = (2ω)↑2

∫
dkdqV(p→, p)ei(ks+qR)

= (2ω)↑2

∫
dkdqV̄(q)ei(ks+qR)

= V̄ (R)ε(s)

= V̄ (
r + r→

2
)ε(r→ → r)

↑r|V̂ |ϑ↓ =
∫

dr→V (r, r→)ϑ(r→) = V̄ (r)ϑ(r)

V (p→, p) = Ṽ (q, p) = Ṽ0(q) + Ṽ1(q)p+
1

2
Ṽ2(q)p

2 + ...

V (p→, p) = V̄ (q, k) = V̄0(q) + V̄1(q)k +
1

2
V̄2(q)k

2 + ...

V (r)
↑↓
d
dr +

↔↑
d
drV (r) = →V →(r)

V1(r)

→↔
d 2

dr
+

↗→
d 2

dr
V1(r) = V →→

1 (r) + 2V →
1(r)

→↔
d

dr
+ 2V1(r)

→↔
d 2

dr2

ϖ→→(r)V (r)ϑ(r) = →ϖ→(r)V →(r)ϑ(r) → ϖ→(r)V (r)ϑ→(r) = ϖ(r)V →→(r)ϑ(r) +

ϖ(r)V →(r)→ϑ(r) + ϖ(r)V →(r)ϑ→(r) + ϖ(r)V (r)ϑ→(r) = ϖ[2V →(r) d
dr + V →→(r) + d2

dr2 ]

r = r→

V̄(q, k) = V̄(q)

V̄ (R) = (2ω)↑1

∫
dqV̄(q)eiqR

V (r→, r) = (2ω)↑2

∫
dkdqV(p→, p)ei(ks+qR)

= (2ω)↑2

∫
dkdqV̄(q)ei(ks+qR)

= V̄ (R)ε(s)

= V̄ (
r + r→

2
)ε(r→ → r)

↑r|V̂ |ϑ↓ =
∫

dr→V (r, r→)ϑ(r→) = V̄ (r)ϑ(r)

V (p→, p) = Ṽ (q, p) = Ṽ0(q) + Ṽ1(q)p+
1

2
Ṽ2(q)p

2 + ...

V (p→, p) = V̄ (q, k) = V̄0(q) + V̄1(q)k +
1

2
V̄2(q)k

2 + ...

V (r)
↑↓
d
dr +

↔↑
d
drV (r) = →V →(r)

V1(r)

→↔
d 2

dr
+

↗→
d 2

dr
V1(r) = V →→

1 (r) + 2V →
1(r)

→↔
d

dr
+ 2V1(r)

→↔
d 2

dr2

ϖ→→(r)V (r)ϑ(r) = →ϖ→(r)V →(r)ϑ(r) → ϖ→(r)V (r)ϑ→(r) = ϖ(r)V →→(r)ϑ(r) +

ϖ(r)V →(r)→ϑ(r) + ϖ(r)V →(r)ϑ→(r) + ϖ(r)V (r)ϑ→(r) = ϖ[2V →(r) d
dr + V →→(r) + d2

dr2 ]

R(p, t) =

√
2

ω

∫
drR(r, t)ĵl(pr)

↭ 3
↭ 3

!E = 1
m

(
2ω
L

)2

t → (!E)→1

B1 : C = ↑68.1457 →2, gA = 1.29

B2 : C = ↑119.366 →2, gA = 1.29

B3 : C = 0, gA = 3.00

↓r|r↑↔ = ε(r ↑ r↑)

↓p|p↑↔ = 2ωε(p↑ p↑)

V (r↑, r) = ↓r↑|V̂ |r↔

= (2ω)→2

∫
dpdp↑↓r↑|p↑↔↓p↑|V |p↔↓p|r↔

= (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

↓p|V̂ |ϑ↔ = (2ω)→1

∫
dp↑V(p, p↑)ϑ(p↑), ↓r|V̂ |ϑ↔ =

∫
dr↑V (r, r↑)ϑ(r↑)

{
R = r+r→

2 , q = p↑ ↑ p,

s = r↑ ↑ r, k = p→+p
2 .

V (r↑, r) = (2ω)→2

∫
dpdp↑V(p↑, p)ei(p

→r→→pr)

= (2ω)→2

∫
dkdqV̄(q, k)ei(ks+qR)

= (2ω)→2

∫
dkdqV̄(q,↑iϖs)e

i(ks+qR)

= V̄ (R,↑iϖs)ε(s)

!

!′

−!

−!’	

	v



29/20/65Lu Meng (孟璐) | Extracting hadronic interaction from the lattice QCD raw data | 少体研讨会-2026@惠州 29

Hermitization?

𝒪 𝑉Q.S.T{𝜓} 𝛿

𝑉S.TU

𝑉S.TV

𝑉WXUYZ 𝛿WXUYZ

lHermitization of the non-Hermitian potential
►Scheme-dependent
►Inconsistent 3-body observable
►Inconsistent with the exact observable

Aoki, S., Iritani, T., & Yazaki, K. (2020). PTEP, 2020(2), 023B03. 
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Singular potential
lSingular potential
lNLO derivative expansion

l singular at the zero of det of the coefficient matrix 
lAn example from toy model  

►In simulation, it is challenging to handle the singularity
►Wave functions are obtained at discrete point. 

Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04. 
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Convergence
lDerivative exansion of the separable interaciton
lThree wave functions ①②③ as input in order
lThe 2-body phase shift is improved with order 
However,
lThe potential shape does not convergent
lThe 3-body observables? 

Aoki, S., & Yazaki, K. (2022). PTEP, 2022(3), 033B04. 

Exact
NLO

LO

NNLO

①

②

③
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lThe problem:

lErnst-Shakin-Thaler (EST) method:

►Hermitian potential
►No singularity
►On-shell and off-shell equivalent:  three-body observable convergent

33

Separable representation

Ernst, D. J., Shakin, C. M., & Thaler, R. M. (1973). Phys. Rev. C, 8, 46–52. 
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Separable representation
lApplication: on-shell and off-shell equivalent separable potentials of Paris potentials 

►Purpose: to solve the 3-body Fadeev function
►Convergent 3-body observables
►High efficiency

Rank-3 EST method is good enough

Haidenbauer, J., & Plessas, W. (1984). Phys. Rev. C, 30, 1822–1839. 
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Two underlying potentials
lSeparable potential

lLO chiral nuclear force

►Separable contact interaction + local one-pion exchange interaction
lFor simplicity: S-wave and )𝑆* NN interaction

lSolve the time-(in)dependent Schrodinger equation to get wave functions
lTime-independent method

►Choose {𝜓$!} as inputs
lTime-dependent method

►Initial wave functions

►Evaluate t=60
►Two 𝜎 = {0.3, 0.6} as two inputs

Aoki:2021ahj

Reinert:2017usi
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Separatable interaction
lThe EST methods give the accurate potential in LO
lThe DE method is convergent

t-independent results t-dependent results
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Separatable interaction
lThe EST methods give the accurate potential in LO
lThe DE method is convergent

t-independent results t-dependent results
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Local interaction
lThe DE method gives the accurate results at LO
lConvergent EST results, not bad  performance

t-independent results t-dependent results
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Local interaction
lThe DE method gives the accurate results at LO
lConvergent EST results, not bad  performance

t-independent results t-dependent results
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Physical interaction
l Including both separatable part and local part
lThe performance of EST method is better
l In t-dependent methods, singular potential

t-independent results t-dependent results
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Physical interaction
l Including both separatable part and local part
lThe performance of EST method is better
l In t-dependent methods, singular potential

t-independent results t-dependent results
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Combine local and seperable parameterizaiton
lChiral nuclear force

►Long-range: pionic exchange interaction + Short-range: separable interaction

lMixed strategy: Ψ = Ψ+,-. +Ψ/012
►Long-range part: local potential
►Short-range part: EST method

lTo be done: Check 3-body observable and peripheral phase shift
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Lüscher's formula
lLüscher's formula:

lQuantization condition

lLimitations: 
►Exponentially suppressed effect: 𝑒34/6~𝑒37"4

Require: 𝑚8𝐿 > 4 ⇒ 𝐿 > 5.7 fm
►Left-hand cut  (lhc) problem
►Partial-wave mixing effects

Luscher:1990ux AKA : Lüscher Quantization 
conditions (LQCs)

Infinite volume (IFV)

Asymptotic behavior: for  𝒓 > 𝑹 Periodic Boundary condition:

𝑳
𝟐
≫ 𝑹

Long-range interaction 
and small box???

𝛿?(𝐸@A)
𝐸!"

𝜋

𝑁𝑁 , 𝐷∗𝐷 systems…

Kinematical term K-matrix in IFV
det 𝐺@BC(𝐿, 𝐸@A) − 𝐾(𝐸@A) = 0

𝜓 𝑟 = 𝜓 𝑟 + 𝐿
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Left-hand cut
lLeft-hand cut (lhc) from the one-pion exchange interaction

lPartial wave decomposition, e,g. S-wave

lOn-shell 𝑝 = 𝑝& = 𝑘,  𝑘( = 2𝜇𝐸

►Branch point: 𝑘( < −7#

9

Left-hand cut
on-shell pion𝜋

on-shell pion 
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Left-hand cut problem
l lhc in the IFV

►Effective range expansion (ERE): 

►Radius of convergence of ERE

l lhc problem of Lüscher formula

►For 𝑘( > −7#

9
, K-matrix is real

►For 𝑘( < −7#

9
,  Im 𝐾 ≠ 0

det 𝐺@BC(𝐿, 𝐸) − 𝐾(𝐸) = 0
K-matrix in the IFVReal

lhc

Im 𝐸

Re 𝐸
1𝜋 cut2𝜋 cut

𝐾3) 𝑝 = 𝑝 cot𝛿(𝑝) =
1
𝑎 +

1
2 𝑟𝑝

( +⋯

𝑁𝑁: Baru:2015ira, Baru:2016evv
𝐷𝐷∗: Du:2023hluMeng-Lin’s talk

Jin-Yi’s talk
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Left-hand cut problem in LQCD

H-dibaryons (𝑢𝑑𝑠𝑢𝑑𝑠)

𝑚' = 𝑚( ≈ 420 MeV

lhc

Green:2021qol

𝑚' = 280 MeV

lhc

𝐷𝐷∗ (𝑇::)

𝑚' = 137 MeV

NN systems

Padmanath:2022cvl

𝐿 > 8 fm to get rid of the lhc problem

ΛΛ
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𝑻𝒄𝒄(𝟑𝟖𝟕𝟓)
l𝑇:: 3875 ; was observed in 3-body final states: 𝐷*𝐷*𝜋;

►𝑐𝑐q𝑢𝑑̅, the 1st open double charm tetraquark state
►close to 𝐷*𝐷∗; threshold, good candidates of molecular state
►Isospin violation effect
►3-body effect

lLeft-hand cut 
lThree-body effect
l𝑚<-dependence

►Pion mass
►Cuts
►Pole

l𝑚=-depedence
►From 𝑇:: to 𝑇''
►From molecule to compact 

Infinite volume 

Finite volume
Du:2021zzh, Meng:2021jnw…

LHCb:2021vvq, LHCb:2021auc

Abolnikov:2024key

Collins:2024sfi
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𝑻𝒄𝒄 is a playground

𝑇!! playground
EFT

EFT
LQCD

LQCD

Exp.

Ph.

Exp.
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𝑇𝒄𝒄 lattice QCD simulations
lLQCD setting: 𝑚8 ≈ 280 MeV, 𝑚> ≈ 1927 MeV, 𝑚>∗ ≈ 2049 MeV, 𝐿 ≈ 2.07,2.76 fm, 𝑎 ≈ 0.086fm
lSome quick estimations

►𝑚0??
( = 𝑚8

( − 𝑚>∗ −𝑚>
( > 0, 𝑚0?? ≈ 252 MeV
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Padmanath:2022cvl
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Lüscher formula, effective range expansion

𝐸!" + LQCs +ChEFT
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Contents

lPart I: Energy level method

►Left-hand cut problem

►Our solution: Hamiltonian method +Chiral EFT

lPart II:  Potential method

►The general problem

►Basics of scattering theory

►Derivative expansion

►Seperable expansion: EST method
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Key point: off-shell effect
lLüscher formula: 

►The 𝐸!"s are only related to the on-shell T-matrix
►The off-shell effect is exp. suppr. and thus neglectable

lThe lhc problem of the Lüscher formula: off-shell effect,  exp. suppr. effect
lSchrödinger Eq. in the IFV to get the bound state solutions

𝒑(

2𝜇 𝜓 𝒑 + ∫
𝑑B𝒑
2𝜋 B 𝑉 𝒑, 𝒑& 𝜓 𝒑 = 𝐸𝜓 𝒑

►Works well even below the left-hand cut
►For the 𝑝, 𝑝′ > 0, no lhc in potential

lFV energy levels are “bound states” trapped by the potential well 

lBasic idea: using 𝑉 to connected FV and IFV;  FV effect: Schrödinger-like Eq. 

Off-shell, for E < 0

∫
𝑑)𝒑
2𝜋 ) →

1
𝐿)Q

𝒑!

Im 𝐸

Re 𝐸
1𝜋 cut2𝜋 cut ×××
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Our strategy
lHamiltonian method in plane wave basis + Chiral effective field theory

Plane wave expansion,
Schrödinger-like Eq.

J.-J. Wu, T.-S. H. Lee,  et al, Phys. Rev. C 90, 055206 (2014).
L. Meng and E. Epelbaum, JHEP 10, 051 (2021) (plane wave basis + irrps.)
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Chiral EFT
lSymmetry from QCD

►Chiral symmetry and its spontaneous breaking
lWeinberg power counting

►Systemic, controllable truncation error

lGreat success in the nuclear force
lSemilocal momentum-space regularization

lLong-range interaction: 𝑉)8 is known
lShort-range interaction:  contact interaction 

►Unknown  low energy constants (LECs)
►fitting lattice QCD data

Reinert:2017usi
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lBoundary conditions in the cubic box

lThe rotation symmetry is broken: 𝑆𝑂 3 → 𝑂C
►{𝑙, 𝑚} are not good quantum numbers to label states
►Partial wave mixing, for 𝑙 ≠ 𝑙′ and 𝑚 ≠ 𝑚′ ,

►The FV energy from lattice: irreducible representations (irreps.) of 𝑂C

lWhy not use the plane wave (with discrete momentum) basis directly？
lFinite volume energy levels

lAccelerate calculation: subspace learning, specifically eigenvector continuation
lExtra advantage: partial wave mixing effect

57

Hamiltonian method in plane wave basis

Γ: irreps.
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Benchmark: contact interaction

lContact interaction: 𝑉 𝒑, 𝒑& = 𝐶D + 𝐶)𝒒( + 𝐶(𝒌(

lOnly contribute to S-wave and P-wave

𝑉 𝛿IFV

𝐸!"

PLW
QCs
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Benchmark: chiral EFT, partial wave mixing

𝑉 𝛿IFV

𝐸!"

PLW
QCs

lChEFT nuclear force: NNLO
lS=0, 𝑑 = (0,0,0), even parity
lQCs with partial mixing effect
lL={ 3.0,3.1,3.3,3.5,4.0,4.5,5.0,

6.0,7.0,8.0} fm

lThe discrepancy
►Small box
►Small 𝐽EFG truncation
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𝑫𝑫∗ system

lThe energy levels of 𝐴)3(0) is high, relativistic formalism

l Interaction:
►Contact terms: LO and NLO B𝑆), NLO B𝑃*
►One-pion-exchange interaction

lReplace integral into summation to get 

lGet the poles 

Li:2021mob

𝒑

−𝒑

−𝒑′

𝒌 = 𝒑+ + 𝒑
𝐷

𝐷∗ 𝐷

𝐷∗
𝒑′
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𝚲 = 𝟎. 𝟗 GeV,  only contact terms
lLQCs+ ERR: 4 paras.

𝑎 'D( , 𝑟 'D( , 𝑎 'H) , 𝑟 'H)

lHamiltonian + contact terms: 3 paras
LO and NLO B𝑆), NLO B𝑃* LECs

𝜒!/dof=3.7/5,	 𝐸,-./
"0# = −9.912.!4).5 MeV

𝑎 "0# = 1.04 29 fm,       𝑟 "0# = 0.961#.!#4#."6fm
𝑎 "7$ = 0.0761#.##84#.##6fm), 𝑟 "7$ = 6.9 2.1 fm1"

Padmanath:2022cvl
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𝚲 = 𝟎. 𝟗 GeV, contact terms+OPE
lLQCs+ ERR: 4 paras.

𝑎 'D( , 𝑟 'D( , 𝑎 'H) , 𝑟 'H)

lHamiltonian + contact terms + OPE: 3 paras
LO and NLO B𝑆), NLO B𝑃* LECs

Chiral
dynamics

𝜒!/dof=3.7/5,	 𝐸,-./
"0# = −9.912.!4).5 MeV

𝑎 "0# = 1.04 29 fm,       𝑟 "0# = 0.961#.!#4#."6fm
𝑎 "7$ = 0.0761#.##84#.##6fm), 𝑟 "7$ = 6.9 2.1 fm1"

Padmanath:2022cvl
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𝚲 = 𝟎. 𝟗 GeV, contact terms+OPE
lResonance with 85% probability within the 1σ uncertainty

►Rather than the virtual state from Lüscher QC+ERE

two virtual states Resonance
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Model-(in)dependence
lQuestion: (modified) Lüscher formula VS FV Hamiltonian methods + EFTs

lParametrization of 𝑇-matrix: model dependence
►Without PW mixing: one-to-one relation, 𝐸!"~𝛿I(𝐸!")
►Phase shift over continue energy: 𝑇-matrix parametri.. is needed
►PW mixing effect: 𝑇-matrix parametri. is needed 

lEFTs: also parametri. of the 𝑇-matrix with following advantages
►Clear breaking down scale
►Powering counting, controllable and knowable systemic uncertainties

lFV Hamiltonian method  without PW mixing could also provide the one-to-one relation
►Define short-range interaction for each 𝐸!"% separately, 𝑉% = 𝜆%𝑉JCKLM3LNOPQ
►Each 𝑉% will give a phase shift 𝛿(𝐸!"% ) in the infinite volume 

FV Hamiltonian method 

EFT

Lüscher QCs

Parametrization of 𝑇-matrix

Model-independent

Our answers：
Model-dependent?

VS
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Key Takeaways

含时的

非含时的

Nambu-Bethe-Salpeter 
波函数(原始数据)

微商展开 势函数 观测量

可分离势展开：EST 方案

厄米，高效，三体观测量收敛

Thanks for 
your attention!

Extracting hadronic interaction from lattice QCD raw data

Energy level method Potential method
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BACKUP
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lPlane wave basis+Eigenvector continuation
►Eigenvector continuation (EC) with subspace learning

lTo fit or quantify uncertainty: solve eigenvalue problem with different {𝑐%} repeatedly
lEC basis: eigenvectors from a selection of parameter sets 𝑐% ), 𝑐% ( ,... (training point) 
lNaturalness of LEC in EFT ( ∼ 1 ) makes the EC more reliable
ldim is linear function

lThe subspace learning is the one-time cost
lMake the calculation fast and accurate

Frame:2017fah,Demol:2019yjt,
Furnstahl:2020abp,Yapa:2022nnv
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Cutoff dependence of 𝝌𝟐

𝜒* using Lüscher’s QCs 

l3 LECs: LO and NLO B𝑆) contact terms, NLO B𝑃*
l In 𝑉ARA fit, the P-wave dominate states control Λ-dependence of the 𝝌𝟐

►The shape of the of  𝑘Bcot 𝛿) is determined by regulator and cutoff
►Sensitive to Λ

l The 𝑉ARA+ 𝑉)8 fit is stable with Λ
lThe 𝑉ARA+ 𝑉)8 fit is even better than QCs
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Cutoff dependence of phase shift

Λ = 0.7 − 1.2 GeV
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Moving systems

lMoving system in the box 𝑷 = (8
4
𝒅 ≠ 0

►For LQCD, changing box size is expensive 
►Calculate 𝐸!"of moving two-body systems in a box

lBox frame (BF) 𝒑 and center of mass frame (CMF) 𝒑∗

►BF: 𝒑 = (8
4
𝒏;  CMF: 𝒑∗ = 𝛾3) 𝒑∥ −

U
(
𝑷 + 𝒑V

►For moving systems with 𝑚) ≠ 𝑚(, states with different parities could mix
l𝒅 = ( 0,0,1 ) , 𝐷9C group for 𝑚) = 𝑚(, 𝐶9W group for 𝑚) ≠ 𝑚(

l𝒅 = 1,1,0 , …

Space inversion invariance is broken

Rummukainen:1995vs,Leskovec:2012gb
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Including SD transition terms
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Including 3P2 term
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Bound state
lAt LO, both EST and DE method give reasonable binding energy
lThe EST method perform better in phase shift
lSingular potential in DE at NLO

t-independent results t-dependent results
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Bound state
lAt LO, both EST and DE method give reasonable binding energy
lThe EST method perform better in phase shift
lSingular potential in DE at NLO

t-independent results t-dependent results
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Machine learning offer a solution？

lDeep neutral network as the representation of potential
►General potential function: nonlocal potential

lCannot alter the fact that the solution is not unique

lPromising approach the systemic uncertainties of the different potential parameterization

^𝑑𝑟+𝑉 𝑟, 𝑟+ 𝑅(&) 𝑟 = 𝐾 & 𝑟 ⇒ 𝕍;×;𝑅;×"
(&) = 𝐾;×"

(&)

Wang, L., Doi, T., Hatsuda, T., & Lyu, Y. (2025). PoS, LATTICE2024, 076

N: # of quadrature points
N wave functions to fix potential matrix 𝕍;×;
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discrepancy

77
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Time-independent HAL QCD
lThe equal-time BS amplitude (BS wave function, BSWF)

lAsymptotic behavior of BS wave function

►𝑇(𝑝; 𝑘) is the half-on-shell T-matrix
►𝜓(𝑥⃗; 𝑘) satisfy the Lippmann-Schwinger eq. as the non-relativistic scattering wave function
►Using Nishijima, Zimmermann and Haag (NZH) reduction formula for composite local 

operators
►No non-relativistic approximation, just a formal resemblance

lThe BSWF at different energies {𝑘%} in the lattice are the raw data of t-independent HAL QCD

lThe general problem: 𝜓$% 𝑥⃗ ⇒ 𝑉 from Schrodinger-like equations

CP-PACS:2005gzm
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Observable or not?

l Non-observables

► Non-asymptotic behavior of 𝜓, e.g. the deuteron D-state probability

► Off-shell T-matrix

► Potential

► Source functions. 

l Observables

► Asymptotic behavior of 𝜓

► Phase shift 

► On-shell T-matrix

► Correlation functions

Amghar:1995av
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Some tips
Two different expansion
lusing the potential to perform formal expansion

►A regular potential could be singular after expansion
lUsing the potential generate the wave function and then use the wave function to generate 

potential

lWhy only even term
odd derivative terms are absent in the hermitian potential with rotational and time-reversal 
symmetries, we do not need such terms to describe scattering phase shift.
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Proof of hermitian


