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Yukawa potential

lTry to explan the interaction between nucleons, predicting pion
lPion mass~200 times of 𝑚!

Yukawa Hideki

Proc. Phys.-Math. Soc. Jpn. 1935, 17 (48)
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High precision nuclear force: Bonn potential 
l Interaction via one-boson exchange
lGreat succuss in nuclear force

R. Machleidt, K. Holinde, and C. Elster, Phys. Rept. 149, 1 (1987).

𝜋, 𝜌, 𝜔,
𝜂, σ, δ

δ: 𝑎! 980 ; σ: 𝑓!(500)
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High precision nuclear force: Bonn potential 
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R. Machleidt, K. Holinde, and C. Elster, Phys. Rept. 149, 1 (1987).
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Hadronic molecules in OBE
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“Superstars”
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Quark contents 𝑰𝑮(𝑱𝑷𝑪) Threshold 𝚫𝑴 [MeV] 𝚪 [MeV]
𝑋(3872) 𝑞:𝑞𝑐 ̅𝑐/𝑐 ̅𝑐 0%(1%%) 𝐷!@𝐷!∗ 0.0068'!.)*!!!%!.)+,, 0.380'!.-..%!./).

The 1st charmonium-like state
𝑍0(3900) 𝑞:𝑞𝑐 ̅𝑐 1%(1% ') 𝐷@𝐷∗ 11.3 ± 2.6 28.4 ± 2.6

The 1st manifestly exotic charmonium-like state
𝑇00(3985) :𝑞:𝑞𝑐𝑐 ? 𝐷∗%𝐷! −0.360'!.!/!%!.!/! 0.048'!.!)/%!.!!.

The 1st open double charm tetraquark state
𝑃0 ̅0 states 𝑞𝑞𝑞𝑐 ̅𝑐 ? Σ0@𝐷(∗) −5~ − 20 ~ − 𝟏𝟎

The 1st pentaquark states

2,527 citations

Belle:2003nnu

349 citations

LHCb:2021vvq BESIII:2013ris 

Belle:2013yex 

1,105 +900 citations

BESIII:2023hml

PDG

LHCb:2021auc

LHCb:2015yax

2,030 +954 citations
LHCb:2019kea

LHCb:2015yax
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Components of OBE model
lExchanged mesons

►Hidden local gauge symmetry: vector-meson exchange
►𝜋, 𝜌, 𝜔, 𝜎,…: e.g. Bonn potential

lDetermine coupling constants: Exp., Lattice, Models
lRegulator and cutoff

►Singular terms: 𝛿"(𝑟) and 1/𝑟"
►Short-range:  structure of the hadron become important

lCoupled channel or not?
►Hard to incopoerate properly, relativistic effect
►Not important? M#

∗ −𝑀#~130 MeV,𝑀%! −𝑀%!∗~70 MeV, Neglected in our works

𝜋, 𝜌, 𝜔,
𝜂, σ, δ

signs of Ccoupling can be reliably deduced from quark
models, as shown in the fourth column of Table II.
Consequently, in the subsequent fitting procedure, we
constrain the signs of the coupling constants based on
the quark model and only seek solutions for positive values
of Rλ, Rβ, and Rs.
The potential in coordinate space can be readily derived

from its counterpart in momentum space using the follow-
ing transformations:

1

u2 þ q2
→

e−ur

4πr
; ð7Þ

q2

u2 þ q2
¼ 1 −

u2

u2 þ q2
→ δ3ðrÞ − u2e−ur

4πr
; ð8Þ

qiqj
u2 þ q2

→ −
e−ur

4πr

!
u2

3
þ u

r
þ 1

r2

"
Tij

þ 1

3

!
δ3ðrÞ − u2e−ur

4πr

"
δij; ð9Þ

with

Tij ¼
3rirj
r2

− δij; ð10Þ

representing the tensor force term. Two singularities in the
coordinate-space potentials can be readily identified: the
delta-function term and the 1=r3 term in the tensor force.
These singularities arise due to short-range interactions,
which lie beyond the valid range of the OBE interaction. A
practical approach to mitigate these contributions from the
high-momentum region is to apply a regulator

Vðq; uÞ → Vðq; uÞF2ðu;Λ; q2Þ;

Fðu;Λ; q2Þ ¼ Λ2 − u2

Λ2 þ q2
; ð11Þ

where Fðu;Λ; q2Þ is the regulator function. The Fourier
transform of the regulated potential is provided in
Appendix B. After regularization, the coordinate-space
potential no longer exhibits either the delta-function singu-
larity or the 1=r3 singularity. The regulator in Eq. (11) can
effectively modify the coupling. In principle, independent
cutoff parameters could be chosen for different vertices to
adjust the interaction. However, since the regulator satisfies
Fðu;Λ; q2Þ < 1, it can only soften the interaction and
cannot enhance it. To address scenarios where the baseline
interaction requires enhancement, we introduce an addi-
tional factor in Eq. (6) and apply a uniform cutoff parameter
across all vertices.
The Σð%Þ

c Dð%Þ interaction within the OBE model can
be easily derived from the Σð%Þ

c D̄ð%Þ interaction using the
G-parity rule. The G-parities of the exchanged mesons are
provided in Table I.

III. FIT THE Pcc̄ SPECTRUM

To determine Rβ, Rλ, and Rs in Eq. (6), we fit the
spectrum of the Pcc̄ð4312Þ, Pcc̄ð4440Þ, and Pcc̄ð4457Þ
states. Since the number of parameters matches the number
of inputs, this becomes a numerical solution problem. To
account for the uncertainties in the Pcc̄ states, we consider
three values for each state: the upper limit, the nominal
value, and the lower limit. Additionally, we impose the
constraint that the binding energy order must remain
consistent with the nominal results. This setup leads to a
maximum of 27 possible combinations of inputs as follows:

ΔEðPcc̄ð4312ÞÞ∈ f−0.8;−7.8;−8.7g MeV;

ΔEðPcc̄ð4440ÞÞ∈ f−16.3;−20.3;−25.3g MeV;

ΔEðPcc̄ð4457ÞÞ∈ f−1.1;−5.1;−6.9g MeV;

ΔEðPcc̄ð4440ÞÞ < ΔEðPcc̄ð4312ÞÞ < ΔEðPcc̄ð4457ÞÞ:
ð12Þ

The cutoff parameter in the potential is varied from 1.0
to 1.4 GeV. To align with simple EFT calculations, we do
not consider coupled-channel effects but include only the
S-wave interactions.

A. Interaction without subtraction

We first determine the parameters using the interaction
without subtraction. By varying Rβ, Rλ, and Rs to search
for solutions for any input in Eq. (12), we find none.
During this process, Rβ, Rλ, and Rs are constrained to be
positive to ensure the coupling constants align with the
quark model predictions. This result is understandable. As
mentioned in Sec. I, fitting the Pcc̄ spectrum requires a
dominant central interaction and a small spin-dependent
interaction to account for the binding energy splittings.
However, we will see that in the nonsubtraction scheme,

TABLE II. Hadron masses and baseline coupling constants
[17,125]. All masses and fπ are given in units of GeV, while λ and
λs are expressed in GeV−1. The present values of g and fπ have
been updated based on recent experimental results, leading to
differences compared to those in Ref. [17]. The g1 is take from
lattice QCD simulations [123]. The values of gsls, λλs, and ββs
are used as baseline parameters, where a rescaling factor can be
applied, as specified in Eq. (6).

mπ mη mρ mω mσ

0.137 0.548 0.775 0.783 0.600

fπ g β λ gs mD mD%

0.130 0.57 0.9 0.56 0.76 1.867 2.009

gv g1 βs λs ls mΣc
mΣ%

c

5.8 0.71 −1.74 3.31 6.2 2.453 2.518

TOWARD MODELING THE SHORT-RANGE INTERACTIONS OF … PHYS. REV. D 111, 094015 (2025)
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without subtraction. By varying Rβ, Rλ, and Rs to search
for solutions for any input in Eq. (12), we find none.
During this process, Rβ, Rλ, and Rs are constrained to be
positive to ensure the coupling constants align with the
quark model predictions. This result is understandable. As
mentioned in Sec. I, fitting the Pcc̄ spectrum requires a
dominant central interaction and a small spin-dependent
interaction to account for the binding energy splittings.
However, we will see that in the nonsubtraction scheme,

TABLE II. Hadron masses and baseline coupling constants
[17,125]. All masses and fπ are given in units of GeV, while λ and
λs are expressed in GeV−1. The present values of g and fπ have
been updated based on recent experimental results, leading to
differences compared to those in Ref. [17]. The g1 is take from
lattice QCD simulations [123]. The values of gsls, λλs, and ββs
are used as baseline parameters, where a rescaling factor can be
applied, as specified in Eq. (6).

mπ mη mρ mω mσ

0.137 0.548 0.775 0.783 0.600

fπ g β λ gs mD mD%

0.130 0.57 0.9 0.56 0.76 1.867 2.009

gv g1 βs λs ls mΣc
mΣ%

c

5.8 0.71 −1.74 3.31 6.2 2.453 2.518

TOWARD MODELING THE SHORT-RANGE INTERACTIONS OF … PHYS. REV. D 111, 094015 (2025)

094015-5

𝒑′

𝒑 −𝒑

−𝒑′

𝒒 = 𝒑& − 𝒑

𝑉 𝒑!, 𝒑 → 𝑉 𝒑!, 𝒑
Λ"

Λ" + 𝑝"
Λ"

Λ" + 𝑝′"

𝑉 𝒑!, 𝒑 → 𝑉 𝒑!, 𝒑
Λ" − u"

Λ" + 𝑞"

"

Other options…
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Schrodinger/Lippman-Schwinger equation
lMomentum space: 

►Discrize the momenta
►Deformed contour: resonance, virtual state

lCoordinate spance
►Basis expandion method, Finite element method
►Resonant: complex scaling method…

l3-body/4-body systems
►Faddeev equation
►Gaussian expansion method+ Complex scaling

7

son coupling values.
The scalar exchange interaction is attractive as shown in

Fig. 2, meaning that a larger scalar meson coupling constant
moves the Zc(3900) virtual state pole closer to the threshold.
The strong scalar-meson coupling in model-II, with Rs → 4.5,
corresponds to a near-threshold Zc(3900) pole. In contrast,
the weaker scalar coupling in the model-I results in a pole po-
sition farther than -35 MeV from the threshold. Notably, the
Zc(3900) pole positions, which are reported to be several tens
of MeV below the threshold in Refs. [121–123], qualitatively
support the scenario of weaker scalar coupling. In compari-
son to the scalar-meson-exchange interaction, the variation in
the vector-meson exchanges is much smaller, remaining con-
sistently around 1. This indicates that the baseline choice for
vector-meson exchange is relatively reasonable.

The coupling constants determined in this work can be ac-
cessed via Zenodo repository [129]. These parameters can be
utilized to investigate other systems. Additionally, we have
calculated the pole positions of Tcc(3875) and X(3872) in
the isospin symmetry limit scenario and compared them with
those in the isospin-violating scenario, as shown in Fig. 4.
It can be observed that X(3872) and Tcc(3875), with bind-
ing energies around 0.2-0.6 MeV, would become bound states
with binding energies around 2-3.5 MeV and 0.5-1.5 MeV, re-
spectively. Apparently, the isospin violation effect appears to
play a more significant role in X(3872) than in Tcc(3875).

III. DDD→ THREE-BODY SYSTEMS

A. Methodology

The three-body DDD
→ system was studied using the non-

relativistic Hamiltonian given by:

H =
3∑

i=1

(
mi +

p
2
i

2mi

)
+
∑

i<j

Vij . (14)

where mi and pi are the mass and momentum of D/D
→. Vij

is the pair interaction of OBE which has been discussed in
Sec. II. In Ref. [65], the isospin violation effects from the mass
splitting and Coulomb interactions were included. However,
the uncertainties of the three-body systems mainly arise from
the indefinite strong interaction even in the isospin symmetry
limit. Therefore, in this work, we will not consider the minor
effect from the isospin violation and Coulomb interaction.

The total wave function of the DDD
→ system can be ex-

pressed as the direct product of the spatial wave function ω,
the isospin wave function εf , and the spin wave function εs:

! = S (ω↑ εf ↑ εs) , (15)

where S = 1 + Pij is the symmetrization operator, which
ensures the wave function is symmetric under the exchange

of two identical D mesons. Here, Pij is the exchange oper-
ator. During the symmetrization process, the wave functions
in different spaces are symmetrized simultaneously. In our
approach, there is no exchange symmetry constraint imposed
before applying the S operator, which differs from the strat-
egy used in Ref. [65]. An advantage of our method is that
the wave function space is more general, and wave functions
that do not conform to exchange symmetry are automatically
excluded. See Ref. [33] for further details. In this work, we
focus solely on the ground-state solution, where the total an-
gular momentum L = 0 is assumed for the spatial component.
The D meson has a spin of 0, while the D

→ meson has a spin
of 1, resulting in a total spin of 1 for the system. The isospin
of either the D or D→ meson is 1/2, which allows the total
isospin of the system to be either 1/2 or 3/2. Both cases are
investigated in this study. For the isospin-3/2 system, there is
only one channel: two particles form an isospin triplet, which
then combines with the third particle to create an I = 3/2 sys-
tem. The isospin-1/2 system, however, consists of two pos-
sible isospin channels. Using the state |I, I3↓ = | 12 ,

1
2 ↓ as an

example, the isospin wave functions are given by:

∣∣∣∣
1

2
,
1

2

〉
:






√
2
3D

+
D

+
D

→0 ↔
√

1
6

(
D

+
D

0 +D
0
D

+
)
D

→+
,

√
1
2

(
D

+
D

0 ↔D
0
D

+
)
D

→+
,

(16)

where the two D mesons can form either an isospin singlet or
triplet. Each configuration can then combine with the D

→ to
produce a total isospin-1/2 system. It is important to note that
other isospin bases can be chosen, as long as the isospin wave
functions form a complete set. These bases are equivalent in
describing the system [33].

The spatial wave function is addressed in GEM, which
is widely employed in few-body calculations and has been
demonstrated to be a highly effective technique [87]. We em-
ploy Jacobi coordinates as shown in Fig. 5 and work in the
center-of-mass frame to eliminate the motion of the center of
mass. In GEM, each wave function of a Jacobi coordinate is
expanded with the following basis:

ωnlm(r) =

√
2l+5/2

”
(
l + 3

2

)
r3n

(
r

rn

)l

e
↑ r2

r2n Ylm(r̂), (17)

where Ylm represents the spherical harmonic function, and the
Gaussian size parameter rn is taken in the form of geometric
progression, rn = r1a

n↑1. If we only use one single set of
Jacobi coordinates, the wave function completeness requires
an infinite number of Gaussian wave functions including or-
bital excited basis functions. However, it has been demon-
strated that a finite set of Gaussian basis functions in a geo-
metric progression, covering both long-range and short-range
correlations, provides an efficient approximation of the gen-
eral radial part of the wave functions [87]. For the angular
momentum component, since the ground-state solutions are
primarily dominated by S-wave functions, we employ S-wave
Gaussian basis functions in all relevant Jacobi coordinates of
the system. Additionally, including S-wave functions from all
Jacobi coordinates compensates for contributions from higher

9

partial-wave angular momentum components in a single co-
ordinate to some extent. Therefore, we adopt a finite set of
Gaussian bases in all Jacobi coordinates to achieve rapid con-
vergence of the results. In this work, the corresponding pa-
rameter values of bases are:






r
AB
1 = 0.015 fm, r

AB
nmax

= 5 fm, nmax = 16

R
AB,C
1 = 0.07 fm, R

AB,C
nmax

= 10 fm, nmax = 16
,

(18)
where A,B,C represent D or D→ meson.

In the GEM, the wave function of the DDD
→ system with

total angular momentum J and isospin I , can be expressed as:

!IJ = S
∑

jac

∑

ω,ni

C
(jac)
ω,ni

[
ω
Iω
f

[
ω
S
s ε

(jac)
n1,n2

]J]
. (19)

The notation (jac) = (a), (b) denotes the two Jacobi coordi-
nate channels (See Fig. 5). ϑ specifies the isospin channel
(See Eq. (16) for an example), n1 and n2 correspond to the
parameters of the Jacobi basis sets in Eq. (18), and C

(jac)
ω,ni de-

notes the expansion coefficients, which are determined using
the Rayleigh-Ritz variational method. J and I represent the
total spin and total isospin respectively. ε(jac)

n1,n2 is total spacial
wave function defined as

ε
(jac)
n1,n2

= εn1(r
jac)εn2(R

jac), (20)

where r
jac and R

jac represent two independent Jacobi coor-
dinates in (jac). The expression for Gaussian function ε is
given by Eq. (17). Notably, before the symmetrization only
two sets of Jacobi coordinates are adopted. However, after
symmetrization, the third set by exchanging two D mesons in
set (b) will be included automatically.

Based on the form of the constructed total wave function,
the Schrödinger equation,

H!IJ = E!IJ
, (21)

can be reformulated as a generalized eigenvalue problem us-
ing the Rayleigh-Ritz variational method,

∑

j

[Hij → ENij ]Cj = 0, (22)

where Hij is the matrix element of Hamiltonian, and Nij

is the normalization matrix element, i, j are indices from
{jac,ϑ, ni}.

The GEM performs the expansion in a set of square-
integrable wave functions, which is efficient for the bound
state solution. However, it cannot be used directly to probe
the resonant state with finite lifetime, since its wave function
is not square-integrable. However, by using the CSM [88,
89, 91], rescaling the Schrödinger equation with a phase fac-
tor, the resonant state solution with finite lifetime can also
be determined within GEM. By introducing a rotation to the
momentum p and the radial coordinate r in the Hamiltonian,

(a) (b)
𝒓𝐷𝐷

𝑹𝐷𝐷,𝐷∗

𝒓𝐷𝐷∗

𝐷𝐷

𝐷∗

𝐷𝐷

𝐷∗

𝑹𝐷𝐷∗,𝐷

𝐷𝐷

𝐷∗

FIG. 5. The two sets of Jacobi coordinates corresponding to dif-
ferent spatial configurations, where blue disks indicate two identical
bosonic D mesons and red disk the D→ meson. The third set of Jo-
cobi coordinates by exchanging two D mesons in (b) is not shown,
however, it is included in the calculation.

namely:

U(ϖ)r = reiε, U(ϖ)p = pe↑iε
, (23)

H(ϖ) =
3∑

i=1

(mi +
p
2
i e

↑2iε

2mi
) +

∑

i<j

Vij(rije
iε), (24)

thereby resonant states can be treated in a manner similar to
bound states as shown in Eqs. (19)-(22). The results are pre-
sented in the complex energy plane, where bound states ap-
pear on the negative real axis, and continuum states lie along
rays extending from various energy thresholds. A resonance
with mass MR and width ϱR is located at ER = MR→ iϱR/2
in the complex energy plane, where R denotes the resonance.
The resonance can be solved when ϖ > |Arg(ER)/2|. As the
rotation angle ϖ varies, the positions of both bound states and
resonant states remain unchanged, whereas continuum states
rotate clockwise by an angle of 2ϖ. This property is utilized
to distinguish resonant states from continuum states. When
employing the CSM, the rotation angle ϖ is chosen to be less
than ς/4.

The root-mean-square (RMS) radius serves as a significant
physical quantity for characterizing the spatial structure of the
studied system. Moreover, it is widely utilized to determine
whether a multi-quark system corresponds to a molecular state
or a compact state [35, 100]. For a bound state, the RMS
radius is:

r
rms
ij ↑

√〈
!IJ

∣∣r2ij
∣∣!IJ

〉

↓!IJ | !IJ↔ . (25)

For the resonant state in CSM, one can introduce the RMS
radius

r
rms
ij ↑ Re




√

!IJ(ϖ)
∣∣r2ije2iε

∣∣!IJ(ϖ)


(!IJ(ϖ) | !IJ(ϖ))



 , (26)

where the c-product [130] in the following form is introduced
to ensure the analyticity of the integral:

(!i | !j) ↑


!i(r)!j(r)d
3r. (27)
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negligible. Additionally, while a significant decay fraction for
the D

0
D̄

0
ω channel has been reported, it is predominantly

mediated via D
0
D̄

→0, as demonstrated in Refs. [117, 118],
where the pionic dynamics are expected to play a subleading
role. For Tcc(3875), the experimental pole lies approximately
0.4 MeV below the D

0
D

→+ threshold [11, 12], strongly in-
dicating that it is a bound state candidate of DD

→. It has
been demonstrated that considering the coupled-channel ef-
fects from DDω and DDε can significantly impact the width
of the Tcc state [43, 119]. In fact, in earlier work, DDω and
DDε introduced as a perturbation in Ref. [120], already pro-
vide an accurate description of the width of Tcc(3875). There-
fore, the three-body effects are expected to be subleading and
are neglected in this work. In the future, to achieve a more
precise determination of the width of the DDD

→ system, the
four-body DDDω and DDDε channels should also be in-
corporated properly. Compared to X(3872) and Tcc(3875),
the pole properties of Zc(3900) are less definite. However,
several recent studies suggest that the pole of Zc(3900) cor-
responds to a virtual state [121–123]. This virtual state is lo-
cated on the unphysical Riemann sheet and lies several tens
of MeV below the DD̄

→
/D̄D

→ threshold, though alternative
theoretical interpretations remain [124, 125]. It should be
noticed that, the threshold cusp interpretation is not in con-
flict with the virtual state picture. The effect of a virtual
state below the threshold is to generate an enhancement at
the threshold. It has been demonstrated that the cusp effect
could produce a significant bump in the experimental line
shape, which typically requires the amplifying influence of
a nearby pole (bound state or virtual state) [126]. As for other
interpretations, such as the triangle singularity or the compact
tetraquark scenario, there is no direct connection between the
Zc(3900) and the DDD

→ pole. However, a potential signifi-
cance of this work lies in establishing a relationship between
the Zc(3900) and the DDD

→ state exclusively within the vir-
tual state interpretation (or cusp effect). Investigating this re-
lationship could further aid in unraveling the structure of the
Zc(3900).

Building on the above progress, we treat X(3872) and
Tcc(3875) as bound states of DD̄

→
/D̄D

→ and DD
→, respec-

tively, and Zc(3900) as a virtual state of DD̄
→
/D̄D

→. Specif-
ically, we adopt the following pole positions relative to their
respective thresholds:

X(3872) : (→1)↑ (0.2, 0.4, 0.6)B MeV,

Tcc(3875) : (→1)↑ (0.2, 0.4, 0.6)B MeV, (13)
Zc(3900) : (→1)↑ (5, 10, 15, 20, 25, 30, 35)V MeV,

here the superscripts “B” and “V ” denote bound states and
virtual states, respectively. Based on these positions, we gen-
erate a total of 3↑3↑7 = 63 different combinations, allowing
us to numerically determine 63 sets of Rω, Rε , and Rs. No-
tably, the binding energies of X(3872) and Tcc(3875) are set
to be below 1 MeV. This is valid only in the isospin-violating
scenario, as the isospin mass splitting exceeds the binding
energies. Thus, for X(3872) and Tcc(3875), a two-channel
formalism that incorporates the isospin mass splitting is em-
ployed. The specified pole positions are defined relative to the

lower thresholds. For Zc(3900), whose pole varies across a
wide range, the isospin-violating effect is neglected due to the
larger uncertainties in its pole position. Therefore, Zc(3900)
is evaluated within the isospin-limit scenario. While studies
such as Refs. [121–123] suggest that the Zc(3900) pole may
locate lower than -35 MeV relative to the threshold, we con-
sider such poles unlikely to have observable significance in
the line shape. Therefore, we restrict the pole to no more than
35 MeV below the threshold.

In the fitting procedure, we solve the two-body Schrödinger
equation in momentum space using deformed contours [97,
127, 128]:

p
2

2µ
ϑ(p) +

∫

C

dq

(2ω)3
q
2
Vl=0(p, q)ϑ(q) = Eϑ(p),

where Vl=0 is the S-wave potential following the same con-
vention as described in Ref. [59], and C represents the dif-
ferent contours in momentum space. As demonstrated in
Refs. [97, 127, 128], various contours allow for the extrac-
tion of bound state, resonance, and virtual state poles. In this
work, we use a straight-line contour, where p ranges from 0 to
infinity, to locate the bound state poles. To extract the virtual
state pole, we adopt the contour defined in Ref. [97]. During
the calculation, the small imaginary part of the pole arising
from the left-hand cut is neglected. To solve the Schrödinger
equation in momentum space, the contours are discretized,
transforming the equation into an eigenvalue problem. We
solve these three systems separately, adjusting the coupling
constants until the calculated poles match the target values,
thus completing the fitting procedure.

To address the cutoff dependence, we vary the cutoff from
1.00 GeV to 1.35 GeV in steps of 0.05 GeV. For each cutoff
and each pole set, we determine a corresponding set of Rω,
Rε , and Rs. The resulting coupling constants for different
cutoffs are shown in Fig. 3. It is worth noting that among the
three poles, the Zc(3900) exhibits the largest variation in its
position. Therefore, we focus on the coupling constants asso-
ciated with the Zc(3900) poles. During the fitting process, for
most combinations of input parameters, only a single solution
was obtained. However, for a very small number of combina-
tions of cutoff and pole position, no real solutions were found
for Rω, Rε , and Rs. This occurs because these factors must be
positive and real. In such cases, we provide the closest achiev-
able results to the target poles. As shown in Fig. 3 and Fig. 6,
some points are not perfectly aligned with the horizontal lines
spaced at 5 MeV intervals from -35 to -5 MeV. This indicates
a slight deviation between the fitted position of Zc(3900) and
the target value. Despite these deviations, the data still ef-
fectively capture our primary objective: establishing the re-
lationship between Zc(3900) and the DDD

→ system. From
Fig. 3, it is evident that the scalar meson coupling constant
varies significantly, ranging from 2 to 5 times the baseline val-
ues in Table II (model-I). This implies that the strength of the
scalar meson potential varies between 4 and 25 times the base-
line. For Zc(3900), the ϖ- and ϱ-exchange interactions almost
cancel each other out, rendering the Zc(3900) pole primarily
sensitive to Rs. The substantial uncertainties in the Zc(3900)
pole position contribute to a wide range of possible scalar me-
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P-wave 𝐷𝐷∗ and "𝐷∗𝐷/"𝐷𝐷∗
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𝑮(𝟑𝟗𝟎𝟎) states

lAn enhancement close to 3.9 GeV
►𝐷∗=𝐷 threshold
►New 𝐷∗=𝐷 resonance?
►Quantum number 𝐽'( = 1)), from 

virtual photon
►P-wave 𝐷∗=𝐷 state?

BESIII

BESIII:2024ths
CLEO:2008ojp
BaBar:2006qlj
Belle:2007qxm

𝜓(4040)
? ? ? ?
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Breit-Wigner fit from BESIII

BESIII:2024ths
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Two types of resonances

lResonance: state with finite lifetime
lFeshbach resonance

►E.g. 𝑃* states could be bound states of 𝛴*=𝐷(∗)

►Considering the 𝐽/𝜓𝑝 channel: resonance
lShape resonance

►Barrier
lFeshbach or shape? depending on scheme

open channel

closed channel

R

0

V

R
0

V

Feshbach resonance Shape resonance
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From bound state to…
lFrom bound state to…

l "𝑃- 𝑁𝑁 resonance pole: −0.012 − 𝑖0.016
►Were seldom investigated
►Hard to detect: no lower coupled-channel

Taylor,  scattering theory textbook sec. 13-b P245

𝑉 → 𝜆𝑉, with 𝜆 > 0, decrease 𝜆

Potential barrier: centrifugal barrier for 𝑙>0
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Results

4

FIG. 3. The OBE potentials in the 1++, 1+→, 1→+ and 1→→ isoscalar DD̄↑/D̄D↑ channels without regulators. The 1++ and
1→+ channel correspond to the ωc1(3872) and its P-wave counterpart, respectively. The 1→→ and 1+→ channel corresponds to
the G(3900) and its S-wave counterpart, respectively. Only p = p↓ cases are shown.

unlikely to produce poles near the threshold. However,
the potential of the 1→→ channel, which is the P-wave
partner of the 1+→ channel, is attractive, suggesting a
possible resonance pole corresponding to the G(3900).

In Fig. 4, we illustrate the pole trajectories of four
particularly intriguing states: the ωc1(3872), Tcc(3875),
Zc(3900), and the recently observed G(3900), as the cut-
o! parameter ” varies from 0.4 GeV to 1.3 GeV. With
a cuto! of around 0.5 GeV, the ωc1(3872) manifests as
a loosely bound state. The Tcc is also a near-threshold
bound state, which agrees with the results in Ref. [14].
Simultaneously, the Zc(3900) emerges as a virtual state,
aligning with the pole position deduced through a data-
driven coupled-channel analysis in Ref. [26]. Remarkably,
within this same cuto! range, a P-wave resonance mate-
rializes in the 1→→ channel, corresponding to the G(3900)
state. If the cuto! is increased to strengthen the attrac-
tion, the G(3900) resonance will move to the physical
Riemann sheet and turns into a bound state, thereby con-
firming the G(3900) as indeed a P-wave resonance engen-
dered by adjusting the interaction strength. The value of
the cuto! di!ers from the results in Refs. [14, 60], since
the regulator is di!erent. However, our conclusion holds
under di!erent regulators. We test the results using the
regulator and cuto! fixed in Ref. [60]. We validate these
findings using the regulator and cuto! parameters estab-
lished in Ref. [60]. The results indicate that as long as
the cuto! is set to generate a loosely bound ωc1(3872)
state, a corresponding P-wave resonance emerges in the
1→→ channel as the G(3900), while the poles of Tcc and
Zc(3900) remain qualitatively unchanged, see the Sup-
plemental Materials [29].

We delve into the resonances with alternative quantum
numbers, as summarized in Table I. We neglect the tiny
imaginary part of virtual state pole arsing from the left-
hand cut of the pion exchange. For DD̄↑/D̄D↑ isospin
singlets, aside from the ωc1(3872) and G(3900), a loosely
bound state exists in the S-wave partner channel of the
G(3900). Although the real part of the P-wave G(3900)
pole position is close to that of its S-wave partner, they
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FIG. 4. The pole trajectories with the cuto! parameters cor-
respond to ωc1(3872), Tcc(3875), Zc(3900) and the newly ob-
served G(3900) states. The circled number 1-10 represent the
increasing cuto! 0.4-1.3 GeV in order. The solid (dashed)
lines represent the pole trajectories in the physical (unphysi-
cal) Riemann sheets. The poles on the negative real axis are
slightly shifted for transparency.

cannot be considered nearly degenerate due to the signif-
icant width of the G(3900). In channels with J = 0 and
J = 2, resonances emerge in 0→+, 2→→, and 2→+ chan-
nels. For the DD↑ systems, in addition to the Tcc state
as the S-wave isospin singlet, its P-wave partner with
JP = 0→ also emerges as a near-threshold resonance.
P-wave resonance poles are obtained in the 1→ and 2→

channels but are distant from the thresholds.

Concerning I = 1 channels, besides a virtual state
pole in the S-wave 1+→ channel, corresponding to the
Zc(3900), no additional states are obtained. This is be-
cause the isospin factor ε · ε is only 1

3 of the I = 0
channels, rendering the potentials generally insu#cient
to generate bound states or P-wave resonances. For clari-
fication, we do find resonance poles in 0→+, 1→→ isovector
DD̄↑/D̄D↑ channels and 1→, 2→ isovector DD↑ channels,
but they are very sensitive to the cuto!. They transform

𝜋, 𝜂,
𝜌, 𝜔, σ

lVary Λ from 0.4 to 1.3 GeV (①−⑩)
lConstrained by 𝑋(3872), 𝑍*(3900), and 𝑇**(3875)
l𝑋(3872) and 𝑇**(3875) : bound states
l𝑍*(3900): virtual state
l𝐺(3900): resonance→ bound state
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Experimental Search

B: bound state, V: virtual state

①

②

③ ④

① Precision measurement of 𝑒.𝑒) → =𝐷𝐷∗ close to threshold
② Hidden charm final state: 𝜂*𝜔, 𝐽/𝜓𝜂 , 𝐽/𝜓𝜋𝜋
③ Hidden charm final state: 𝐽/𝜓𝜔, 𝜂*𝜋𝜋, 𝜒*/𝜋𝜋
④ Final state 𝐷𝐷𝜋

𝐺(3900)
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Lattice support

lLattice QCD: "𝑃- 𝐷𝐷∗ resonance pole: −0.030 − 𝑖0.031

L. Meng, V. Baru, E. Epelbaum, A. A. Filin, and A. M. Gasparyan, PRD109, L071506 (2024).
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𝑫𝑫𝑫∗ bound state and 𝒁𝒄(𝟑𝟗𝟎𝟎)



19/20/30Lu Meng (孟璐) | Advances in OBE hadronic interactions | 2025.10 @湖南师大 19

Uncertain coupling constants in OBE
l4 coupling constants in SU(3) flavor and heavy quark symmetry

►Pseudoscalar:  extracted from 𝐷∗ → 𝐷𝜋
►Three remains unknown: 𝜆, 𝛽, 𝑔0

lDetermine the coupling
►vector meson dominance, Σ-model, light-cone sum rule, 

LQCD

lQuantitively different results due to uncertain coupling
►Different by 20 times
►Both models give the loosely bound 𝑋 3872 and 𝑇**(3875)
►However, different results for 𝑍*(3900) and 𝐷𝐷𝐷∗ !!!

3

TABLE I. Momentum space potentials for the DD, DD→, and DD̄→/D̄D→ systems. The superscripts D and C denote the direct and cross
diagrams, respectively. Two sets of Ccoupling values are provided: model-I from Refs. [53, 54], used as the baseline for this work, and model-II
from Refs. [65, 84]. The terms ω↑→ and ω represent the polarization vectors of the final and initial vector mesons, respectively. For DD systems,
the substitution ω↑→ · ω → 1 is required. In the direct diagram, q = p↑

↑ p, while in the cross diagram, k = p↑ + p, where p↑ and p are
the momenta of the final and initial states, respectively. Here, u denotes the effective mass of the exchanged meson. Two additional isospin
operators are defined as ε1 · εC

2 ↓ (3I ↑ ε1 · ε2)/2 and IC ↓ (I + ε1 · ε2)/2. The potential in coordinate space can be obtained through
Fourier transformation, as detailed in Appendix A.

V
Ccoupling

Or,s

Oiso

Model-I[53, 54] Model-II[65, 84] DD→ DD [DD̄→/D̄D→]C=+1 [DD̄→/D̄D→]C=↓1

V D
ω

ε2g2v
2 13.62 2g2ω 13.52

↑
ω→↑·ω

u2+q2

↑
ε1·ε2

2 ↑
ε1·ε2

2 ↑
ε1·ε2

2 ↑
ε1·ε2

2

V D
ϑ

ε2g2v
2 13.62 2g2ϑ 13.52 ↑

1
2I ↑

1
2I

1
2I

1
2I

V D
ϖ g2s 0.58 g2ϖ 11.56 I I I I

V C
ϱ

g2a
f2
ω

19.15 g2

f2
ω

20.66 (k·ω→↑)(k·ς)
u2+k2

↑
ε1·εC

2
2 0 ε1·ε2

2 ↑
ε1·ε2

2

V C
φ

g2a
f2
ω

19.15 0 0 ↑
1
6I

C 0 ↑
1
6I

1
6I

V C
ω 2ω2g2v 21.10

f2
ε

2M2 19.64 (k·ω→↑)(k·ς)↓k2(ω→↑·ω)
u2+k2

ε1·εC
2

2 0 ε1·ε2
2 ↑

ε1·ε2
2

V C
ϑ 2ω2g2v 21.10 f2

ϑ
2M2 19.64 1

2I
C 0 ↑

1
2I

1
2I

TABLE II. Hadron masses and coupling constants in model-I [53,
54, 104]. All masses and fϱ are given in units of GeV, while ω is
expressed in GeV↓1. The present values of ga and fϱ have been
updated based on recent experimental results, leading to slight dif-
ferences compared to those in Refs. [53, 54]. The values of gs, ω,
and ε are used as baseline parameters, where a rescaling factor can
be applied, as specified in Eq. (7).

Mass
mD mD↑ mϱ mφ mω mϑ mϖ

1.867 2.009 0.137 0.548 0.775 0.783 0.600

Coupling
fϱ ga gV ε ω gs

0.13025 0.57 5.8 0.9 0.56 0.76

In principle, the iso-triplet ω (ε) and the iso-singlet ϑ (ϖ) be-
long to different multiplets under the flavor SU(2) symme-
try. However, to reduce the number of coupling constants,
we group them into the same matrix, taking into account their
relationship within the flavor SU(3) symmetry.

In the pseudoscalar sector of the Lagrangians, the param-
eters are well-determined. The pion decay constant fω is a
well-known quantity, and the axial coupling constant ga can
be accurately extracted from the D

→ width. However, the re-
maining parameters can only be determined through model-
dependent methods. As an example, we adopt the values from
Refs. [53, 54] (model-I), which are summarized in Table II.
In the vector sector, there are three parameters: gV , ϱ, ς,
and an additional scalar coupling gs. However, only three
of them are independent, as gV acts as an overall factor in
the vector sector. In model-I [53, 54], these couplings are de-
termined using vector meson dominance, combined with re-
sults from lattice QCD and light-cone sum rules [105]. In the

scalar sector, the φ mass and couplings are derived from the
!-model [19, 106]. Notably, the determination of these pa-
rameters is not achieved within an unified framework. In other
studies, such as Refs. [20, 84, 107], similar Lagrangians have
been constructed, but the coupling constants were determined
using different approaches, leading to variations in numerical
values. In this work, we adopt the values of model-I listed in
Table II as a baseline. To explore the impact of varying cou-
pling constants in the scalar and vector sectors, we introduce
three ratio factors,

ς → ςRε, ϱ → ϱRϑ , gs → gsRs. (7)

The OBE potentials can be derived from two-body scatter-
ing Feynman diagrams, as shown in Fig. 1: (a) for DD, (b1)
and (b2) for DD

→, and (c1) and (c2) for DD̄
→
/D̄D

→. Dia-
grams (b1) and (c1) are referred to as direct diagrams, while
(b2) and (c2) are referred to as cross diagrams. The analyti-
cal expressions for the potentials in momentum space can be
represented as

V = Ccoupling ↑Or,s ↑Oiso, (8)

where the ingredients are detailed in Table I. It is important
to note that the exchanged momenta differ between the direct
and cross diagrams: for the direct diagram, q = p↑ ↓p, while
for the cross diagram, k = p↑+p. This distinction affects sys-
tems with P-wave (and other odd partial waves), as discussed
in the Supplemental Materials of Ref. [59] and Appendix A.
In Table I, u represents the effective mass of the exchanged
meson, derived as follows:

↓ 1

k
2
0 ↓ k2 ↓m2

=
1

k2 + (m2 ↓ k
2
0)

=
1

k2 + u2
, (9)

using the cross diagram as an example. In the static limit,
k0 and q0 are determined by the mass differences between
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FIG. 1. Feynman diagrams to derive OBE potentials: (a) for DD,
(b1) and (b2) for DD→, and (c1) and (c2) for DD̄→/D̄D→. Diagrams
(b1) and (c1) are referred to as direct diagrams, while (b2) and (c2)
are referred to as cross diagrams.

the initial and final states. Specifically, q20 = 0 and k
2
0 =

(mD→ → mD)2. Notably, k20 is very close to m
2
ω

1 and much
smaller than other meson masses. Thus, we set u = 0 for one-
pion-exchange (OPE) interaction and u = m for other cases.
The isospin-averaged particle masses are taken from the Re-
view of Particle Physics [104] and are listed in Table II. In
principle, the masses of the exchanged mesons in OBE do not
correspond exactly to their pole masses. This is particularly
true for vector and scalar mesons, which are resonances with
finite widths, however, only real masses are adopted in OBE
interactions. These masses should be viewed as parameters
that model medium- and short-range interactions. Vector and
scalar meson masses and their couplings can be derived by
matching the OBE amplitude to the correlated two-pion con-
tribution in effective field theories at low energy [107, 108].
However, in this work, we fix the meson masses to reduce the
number of parameters.

The potential in coordinate space can be readily derived
from its counterpart in momentum space; see Appendix A for
details. Potentials obtained directly from Feynman diagrams
are often singular, featuring terms like the ω function. To reg-
ulate these singularities, this work introduces a regulator to
suppress contributions from the high-momentum region:

V
D(q, u) ↑ V

D(q, u)F 2(u,!, q2),

V
C(k, u) ↑ V

C(k, u)F 2(u,!,k2),

F (u,!, q2) =
!2 → u

2

!2 + q2
. (10)

1 In channels with specific charges, k20 > m2
ω indicates the opening of DD̄ω

three-body threshold. Such effects are neglected in this work.

Here, ! acts as a new parameter, introducing additional model
dependence.

In Table III, the specific values of isospin factors are pre-
sented. Given the significant isospin violation observed in
the decay patterns of X(3872) [109–111], the DD

→ and
DD̄

→
/D̄D

→ systems can be studied under two scenarios: the
exact isospin symmetry limit one and the isospin symmetry vi-
olating one. In the isospin-violating scenario, the mass differ-
ences between channels with different charges are taken into
account, rendering isospin no longer a quantum number of the
energy eigenstates. Conversely, in the isospin symmetry limit,
these mass splittings are neglected. For example, the relevant
mass splittings for the X(3872) and Tcc(3875) systems are:

ωX = mD+ +mD→+ →mD0 →mD→0 = 8.2 MeV, (11)
ωT = mD+ +mD→0 →mD0 →mD→+ = 1.4 MeV. (12)

In Fig. 2, the coordinate space potentials in the isospin sym-
metry limit for the systems corresponding to the X(3872),
Tcc(3875), and Zc(3900) states are presented. One can
clearly observe the contributions to the potential from dif-
ferent meson exchanges. In Table III, both the isospin fac-
tors in the isospin symmetry limit scenario and the isospin-
violating scenarios are given. Notably, for the isovec-
tor [DD̄

→
/D̄D

→]C=↑1
I=1 system, which corresponds to the

Zc(3900) state, the isospin factors for ε and ϑ exchanges are
equal in magnitude but opposite in sign for both cross and di-
rect diagrams. As a result, if the mass difference between ε

and ϑ is neglected, the vector-meson exchange vanishes en-
tirely. In our calculations, the specific mass values of ε and
ϑ in the model are listed in Table II as 0.775 GeV and 0.783
GeV, respectively, which are nearly identical. Numerically, in
the third sub-figure of Fig. 2 (the exchange interaction poten-
tial of Zc(3900)), we can observe that the exchange interac-
tion potentials of the ε meson and ϑ meson are nearly equal
in magnitude and opposite in sign. Consequently, the struc-
ture of Zc(3900) becomes sensitive to the ϖ-exchange interac-
tions. The ϖ-exchange interaction is isospin-independent, as
shown in Table III, and provides an attractive force (as shown
in Fig. 2) for all types of particle pairs. This suggests that the
strong ϖ-interaction facilitates the formation of the few-body
bound states.

In this work, three-body force is neglected. Within the
framework of chiral effective field theory, the three-body nu-
clear force first emerges at the next-to-next-to-leading order
according to the Weinberg power counting scheme [112, 113],
and thus its contribution is suppressed compared to the two-
body interaction. Furthermore, ab initio calculations for light
nuclei have demonstrated that the three-body force typically
increases the binding energy by approximately 10–25% [114].
Given this, we anticipate that the impact of the three-body
force is unlikely to dominate over other sources of uncertainty
in our analysis. Therefore, we have chosen to neglect its con-
tribution.
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FIG. 1. Feynman diagrams to derive OBE potentials: (a) for DD,
(b1) and (b2) for DD→, and (c1) and (c2) for DD̄→/D̄D→. Diagrams
(b1) and (c1) are referred to as direct diagrams, while (b2) and (c2)
are referred to as cross diagrams.

the initial and final states. Specifically, q20 = 0 and k
2
0 =

(mD→ → mD)2. Notably, k20 is very close to m
2
ω

1 and much
smaller than other meson masses. Thus, we set u = 0 for one-
pion-exchange (OPE) interaction and u = m for other cases.
The isospin-averaged particle masses are taken from the Re-
view of Particle Physics [104] and are listed in Table II. In
principle, the masses of the exchanged mesons in OBE do not
correspond exactly to their pole masses. This is particularly
true for vector and scalar mesons, which are resonances with
finite widths, however, only real masses are adopted in OBE
interactions. These masses should be viewed as parameters
that model medium- and short-range interactions. Vector and
scalar meson masses and their couplings can be derived by
matching the OBE amplitude to the correlated two-pion con-
tribution in effective field theories at low energy [107, 108].
However, in this work, we fix the meson masses to reduce the
number of parameters.

The potential in coordinate space can be readily derived
from its counterpart in momentum space; see Appendix A for
details. Potentials obtained directly from Feynman diagrams
are often singular, featuring terms like the ω function. To reg-
ulate these singularities, this work introduces a regulator to
suppress contributions from the high-momentum region:

V
D(q, u) ↑ V

D(q, u)F 2(u,!, q2),

V
C(k, u) ↑ V

C(k, u)F 2(u,!,k2),

F (u,!, q2) =
!2 → u

2

!2 + q2
. (10)

1 In channels with specific charges, k20 > m2
ω indicates the opening of DD̄ω

three-body threshold. Such effects are neglected in this work.

Here, ! acts as a new parameter, introducing additional model
dependence.

In Table III, the specific values of isospin factors are pre-
sented. Given the significant isospin violation observed in
the decay patterns of X(3872) [109–111], the DD

→ and
DD̄

→
/D̄D

→ systems can be studied under two scenarios: the
exact isospin symmetry limit one and the isospin symmetry vi-
olating one. In the isospin-violating scenario, the mass differ-
ences between channels with different charges are taken into
account, rendering isospin no longer a quantum number of the
energy eigenstates. Conversely, in the isospin symmetry limit,
these mass splittings are neglected. For example, the relevant
mass splittings for the X(3872) and Tcc(3875) systems are:

ωX = mD+ +mD→+ →mD0 →mD→0 = 8.2 MeV, (11)
ωT = mD+ +mD→0 →mD0 →mD→+ = 1.4 MeV. (12)

In Fig. 2, the coordinate space potentials in the isospin sym-
metry limit for the systems corresponding to the X(3872),
Tcc(3875), and Zc(3900) states are presented. One can
clearly observe the contributions to the potential from dif-
ferent meson exchanges. In Table III, both the isospin fac-
tors in the isospin symmetry limit scenario and the isospin-
violating scenarios are given. Notably, for the isovec-
tor [DD̄

→
/D̄D

→]C=↑1
I=1 system, which corresponds to the

Zc(3900) state, the isospin factors for ε and ϑ exchanges are
equal in magnitude but opposite in sign for both cross and di-
rect diagrams. As a result, if the mass difference between ε

and ϑ is neglected, the vector-meson exchange vanishes en-
tirely. In our calculations, the specific mass values of ε and
ϑ in the model are listed in Table II as 0.775 GeV and 0.783
GeV, respectively, which are nearly identical. Numerically, in
the third sub-figure of Fig. 2 (the exchange interaction poten-
tial of Zc(3900)), we can observe that the exchange interac-
tion potentials of the ε meson and ϑ meson are nearly equal
in magnitude and opposite in sign. Consequently, the struc-
ture of Zc(3900) becomes sensitive to the ϖ-exchange interac-
tions. The ϖ-exchange interaction is isospin-independent, as
shown in Table III, and provides an attractive force (as shown
in Fig. 2) for all types of particle pairs. This suggests that the
strong ϖ-interaction facilitates the formation of the few-body
bound states.

In this work, three-body force is neglected. Within the
framework of chiral effective field theory, the three-body nu-
clear force first emerges at the next-to-next-to-leading order
according to the Weinberg power counting scheme [112, 113],
and thus its contribution is suppressed compared to the two-
body interaction. Furthermore, ab initio calculations for light
nuclei have demonstrated that the three-body force typically
increases the binding energy by approximately 10–25% [114].
Given this, we anticipate that the impact of the three-body
force is unlikely to dominate over other sources of uncertainty
in our analysis. Therefore, we have chosen to neglect its con-
tribution.
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negligible. Additionally, while a significant decay fraction for
the D

0
D̄

0
ω channel has been reported, it is predominantly

mediated via D
0
D̄

→0, as demonstrated in Refs. [117, 118],
where the pionic dynamics are expected to play a subleading
role. For Tcc(3875), the experimental pole lies approximately
0.4 MeV below the D

0
D

→+ threshold [11, 12], strongly in-
dicating that it is a bound state candidate of DD

→. It has
been demonstrated that considering the coupled-channel ef-
fects from DDω and DDε can significantly impact the width
of the Tcc state [43, 119]. In fact, in earlier work, DDω and
DDε introduced as a perturbation in Ref. [120], already pro-
vide an accurate description of the width of Tcc(3875). There-
fore, the three-body effects are expected to be subleading and
are neglected in this work. In the future, to achieve a more
precise determination of the width of the DDD

→ system, the
four-body DDDω and DDDε channels should also be in-
corporated properly. Compared to X(3872) and Tcc(3875),
the pole properties of Zc(3900) are less definite. However,
several recent studies suggest that the pole of Zc(3900) cor-
responds to a virtual state [121–123]. This virtual state is lo-
cated on the unphysical Riemann sheet and lies several tens
of MeV below the DD̄

→
/D̄D

→ threshold, though alternative
theoretical interpretations remain [124, 125]. It should be
noticed that, the threshold cusp interpretation is not in con-
flict with the virtual state picture. The effect of a virtual
state below the threshold is to generate an enhancement at
the threshold. It has been demonstrated that the cusp effect
could produce a significant bump in the experimental line
shape, which typically requires the amplifying influence of
a nearby pole (bound state or virtual state) [126]. As for other
interpretations, such as the triangle singularity or the compact
tetraquark scenario, there is no direct connection between the
Zc(3900) and the DDD

→ pole. However, a potential signifi-
cance of this work lies in establishing a relationship between
the Zc(3900) and the DDD

→ state exclusively within the vir-
tual state interpretation (or cusp effect). Investigating this re-
lationship could further aid in unraveling the structure of the
Zc(3900).

Building on the above progress, we treat X(3872) and
Tcc(3875) as bound states of DD̄

→
/D̄D

→ and DD
→, respec-

tively, and Zc(3900) as a virtual state of DD̄
→
/D̄D

→. Specif-
ically, we adopt the following pole positions relative to their
respective thresholds:

X(3872) : (→1)↑ (0.2, 0.4, 0.6)B MeV,

Tcc(3875) : (→1)↑ (0.2, 0.4, 0.6)B MeV, (13)
Zc(3900) : (→1)↑ (5, 10, 15, 20, 25, 30, 35)V MeV,

here the superscripts “B” and “V ” denote bound states and
virtual states, respectively. Based on these positions, we gen-
erate a total of 3↑3↑7 = 63 different combinations, allowing
us to numerically determine 63 sets of Rω, Rε , and Rs. No-
tably, the binding energies of X(3872) and Tcc(3875) are set
to be below 1 MeV. This is valid only in the isospin-violating
scenario, as the isospin mass splitting exceeds the binding
energies. Thus, for X(3872) and Tcc(3875), a two-channel
formalism that incorporates the isospin mass splitting is em-
ployed. The specified pole positions are defined relative to the

lower thresholds. For Zc(3900), whose pole varies across a
wide range, the isospin-violating effect is neglected due to the
larger uncertainties in its pole position. Therefore, Zc(3900)
is evaluated within the isospin-limit scenario. While studies
such as Refs. [121–123] suggest that the Zc(3900) pole may
locate lower than -35 MeV relative to the threshold, we con-
sider such poles unlikely to have observable significance in
the line shape. Therefore, we restrict the pole to no more than
35 MeV below the threshold.

In the fitting procedure, we solve the two-body Schrödinger
equation in momentum space using deformed contours [97,
127, 128]:

p
2

2µ
ϑ(p) +

∫

C

dq

(2ω)3
q
2
Vl=0(p, q)ϑ(q) = Eϑ(p),

where Vl=0 is the S-wave potential following the same con-
vention as described in Ref. [59], and C represents the dif-
ferent contours in momentum space. As demonstrated in
Refs. [97, 127, 128], various contours allow for the extrac-
tion of bound state, resonance, and virtual state poles. In this
work, we use a straight-line contour, where p ranges from 0 to
infinity, to locate the bound state poles. To extract the virtual
state pole, we adopt the contour defined in Ref. [97]. During
the calculation, the small imaginary part of the pole arising
from the left-hand cut is neglected. To solve the Schrödinger
equation in momentum space, the contours are discretized,
transforming the equation into an eigenvalue problem. We
solve these three systems separately, adjusting the coupling
constants until the calculated poles match the target values,
thus completing the fitting procedure.

To address the cutoff dependence, we vary the cutoff from
1.00 GeV to 1.35 GeV in steps of 0.05 GeV. For each cutoff
and each pole set, we determine a corresponding set of Rω,
Rε , and Rs. The resulting coupling constants for different
cutoffs are shown in Fig. 3. It is worth noting that among the
three poles, the Zc(3900) exhibits the largest variation in its
position. Therefore, we focus on the coupling constants asso-
ciated with the Zc(3900) poles. During the fitting process, for
most combinations of input parameters, only a single solution
was obtained. However, for a very small number of combina-
tions of cutoff and pole position, no real solutions were found
for Rω, Rε , and Rs. This occurs because these factors must be
positive and real. In such cases, we provide the closest achiev-
able results to the target poles. As shown in Fig. 3 and Fig. 6,
some points are not perfectly aligned with the horizontal lines
spaced at 5 MeV intervals from -35 to -5 MeV. This indicates
a slight deviation between the fitted position of Zc(3900) and
the target value. Despite these deviations, the data still ef-
fectively capture our primary objective: establishing the re-
lationship between Zc(3900) and the DDD

→ system. From
Fig. 3, it is evident that the scalar meson coupling constant
varies significantly, ranging from 2 to 5 times the baseline val-
ues in Table II (model-I). This implies that the strength of the
scalar meson potential varies between 4 and 25 times the base-
line. For Zc(3900), the ϖ- and ϱ-exchange interactions almost
cancel each other out, rendering the Zc(3900) pole primarily
sensitive to Rs. The substantial uncertainties in the Zc(3900)
pole position contribute to a wide range of possible scalar me-

3

TABLE I. Momentum space potentials for the DD, DD→, and DD̄→/D̄D→ systems. The superscripts D and C denote the direct and cross
diagrams, respectively. Two sets of Ccoupling values are provided: model-I from Refs. [53, 54], used as the baseline for this work, and model-II
from Refs. [65, 84]. The terms ω↑→ and ω represent the polarization vectors of the final and initial vector mesons, respectively. For DD systems,
the substitution ω↑→ · ω → 1 is required. In the direct diagram, q = p↑

↑ p, while in the cross diagram, k = p↑ + p, where p↑ and p are
the momenta of the final and initial states, respectively. Here, u denotes the effective mass of the exchanged meson. Two additional isospin
operators are defined as ε1 · εC

2 ↓ (3I ↑ ε1 · ε2)/2 and IC ↓ (I + ε1 · ε2)/2. The potential in coordinate space can be obtained through
Fourier transformation, as detailed in Appendix A.

V
Ccoupling

Or,s

Oiso

Model-I[53, 54] Model-II[65, 84] DD→ DD [DD̄→/D̄D→]C=+1 [DD̄→/D̄D→]C=↓1

V D
ω

ε2g2v
2 13.62 2g2ω 13.52

↑
ω→↑·ω

u2+q2

↑
ε1·ε2

2 ↑
ε1·ε2

2 ↑
ε1·ε2

2 ↑
ε1·ε2

2

V D
ϑ

ε2g2v
2 13.62 2g2ϑ 13.52 ↑

1
2I ↑

1
2I

1
2I

1
2I

V D
ϖ g2s 0.58 g2ϖ 11.56 I I I I

V C
ϱ

g2a
f2
ω

19.15 g2

f2
ω

20.66 (k·ω→↑)(k·ς)
u2+k2

↑
ε1·εC

2
2 0 ε1·ε2

2 ↑
ε1·ε2

2

V C
φ

g2a
f2
ω

19.15 0 0 ↑
1
6I

C 0 ↑
1
6I

1
6I

V C
ω 2ω2g2v 21.10

f2
ε

2M2 19.64 (k·ω→↑)(k·ς)↓k2(ω→↑·ω)
u2+k2

ε1·εC
2

2 0 ε1·ε2
2 ↑

ε1·ε2
2

V C
ϑ 2ω2g2v 21.10 f2

ϑ
2M2 19.64 1

2I
C 0 ↑

1
2I

1
2I

TABLE II. Hadron masses and coupling constants in model-I [53,
54, 104]. All masses and fϱ are given in units of GeV, while ω is
expressed in GeV↓1. The present values of ga and fϱ have been
updated based on recent experimental results, leading to slight dif-
ferences compared to those in Refs. [53, 54]. The values of gs, ω,
and ε are used as baseline parameters, where a rescaling factor can
be applied, as specified in Eq. (7).

Mass
mD mD↑ mϱ mφ mω mϑ mϖ

1.867 2.009 0.137 0.548 0.775 0.783 0.600

Coupling
fϱ ga gV ε ω gs

0.13025 0.57 5.8 0.9 0.56 0.76

In principle, the iso-triplet ω (ε) and the iso-singlet ϑ (ϖ) be-
long to different multiplets under the flavor SU(2) symme-
try. However, to reduce the number of coupling constants,
we group them into the same matrix, taking into account their
relationship within the flavor SU(3) symmetry.

In the pseudoscalar sector of the Lagrangians, the param-
eters are well-determined. The pion decay constant fω is a
well-known quantity, and the axial coupling constant ga can
be accurately extracted from the D

→ width. However, the re-
maining parameters can only be determined through model-
dependent methods. As an example, we adopt the values from
Refs. [53, 54] (model-I), which are summarized in Table II.
In the vector sector, there are three parameters: gV , ϱ, ς,
and an additional scalar coupling gs. However, only three
of them are independent, as gV acts as an overall factor in
the vector sector. In model-I [53, 54], these couplings are de-
termined using vector meson dominance, combined with re-
sults from lattice QCD and light-cone sum rules [105]. In the

scalar sector, the φ mass and couplings are derived from the
!-model [19, 106]. Notably, the determination of these pa-
rameters is not achieved within an unified framework. In other
studies, such as Refs. [20, 84, 107], similar Lagrangians have
been constructed, but the coupling constants were determined
using different approaches, leading to variations in numerical
values. In this work, we adopt the values of model-I listed in
Table II as a baseline. To explore the impact of varying cou-
pling constants in the scalar and vector sectors, we introduce
three ratio factors,

ς → ςRε, ϱ → ϱRϑ , gs → gsRs. (7)

The OBE potentials can be derived from two-body scatter-
ing Feynman diagrams, as shown in Fig. 1: (a) for DD, (b1)
and (b2) for DD

→, and (c1) and (c2) for DD̄
→
/D̄D

→. Dia-
grams (b1) and (c1) are referred to as direct diagrams, while
(b2) and (c2) are referred to as cross diagrams. The analyti-
cal expressions for the potentials in momentum space can be
represented as

V = Ccoupling ↑Or,s ↑Oiso, (8)

where the ingredients are detailed in Table I. It is important
to note that the exchanged momenta differ between the direct
and cross diagrams: for the direct diagram, q = p↑ ↓p, while
for the cross diagram, k = p↑+p. This distinction affects sys-
tems with P-wave (and other odd partial waves), as discussed
in the Supplemental Materials of Ref. [59] and Appendix A.
In Table I, u represents the effective mass of the exchanged
meson, derived as follows:

↓ 1

k
2
0 ↓ k2 ↓m2

=
1

k2 + (m2 ↓ k
2
0)

=
1

k2 + u2
, (9)

using the cross diagram as an example. In the static limit,
k0 and q0 are determined by the mass differences between
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FIG. 3. The coupling constants for the scalar- and vector-meson-exchange interactions determined by the pole positions of X(3872),
Tcc(3875), and Zc(3900), as specified in Eq. (13). The ratios Rω , Rε, and Rs are defined relative to the baseline values, as detailed in
Eq. (7) and Table II. Variations at the same Zc pole position arise from different fitting parameters for the Tcc(3875) and X(3872) pole
positions.

FIG. 4. Comparison of the pole positions of Tcc(3875) and X(3872) in isospin-violating scenario and the isospin limit scenario.
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MZc (MeV) ΓZc/2 (MeV) Ref. Final state
3899 ± 6 23 ± 11 [1] (BESIII) J/ω π
3895 ± 8 32 ± 18 [2] (Belle) J/ω π
3886 ± 5 19 ± 5 [3] (CLEO-c) J/ω π
3884 ± 5 12 ± 6 [4] (BESIII) D̄→D
3882 ± 3 13 ± 5 [5] (BESIII) D̄→D

3894 ± 6 ± 1 30 ± 12 ± 6 Λ = 1.0 GeV J/ω π, D̄→D
3886 ± 4 ± 1 22 ± 6 ± 4 Λ = 0.5 GeV J/ω π, D̄→D
3831 ± 26+ 7−28 virtual state Λ = 1.0 GeV J/ω π, D̄→D
3844 ± 19+12−21 virtual state Λ = 0.5 GeV J/ω π, D̄→D

TABLE II. Mass and width of the Zc resonance reported in various
experiments and in this work. The first five rows show the values ob-
tained in different experimental analyses (statistical and systematical
errors have been added in quadratures). The last four rows corre-
spond to the determinations from the different fits carried out in this
work, in the same order as shown in Table I. In the latter cases, the
first (second) error is statistical (systematic). In the last two rows,
corresponding to the case of a virtual state, we do not consider the
small imaginary part (# 8 MeV) of the pole.
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FIG. 3. Comparision of the Zc resonance pole positions determined
in this work for two values of the cutoff Λ2 with the experimental
determinations of Refs. [1–5]. The shaded areas take into account
our statistical and systematic uncertainties (added in quadratures).
The numerical values are shown in Table II.

threshold.
For the case b = 0, however, the situation is quite different.

While the description of the experimental data is still quite
good with χ2/d.o.f. ↔ [1.3, 1.4], the pole in this case is located
below threshold, with a small imaginary part (around 8 MeV),
and in the (01) Riemann sheet. If the J/ωπ channel were now
switched off (C̃ = 0), this pole would move into the real axis in
the unphysical Riemann sheet of the elastic amplitude T22. In
this sense, the obtained pole does not qualify as a resonance,
and we see it as a virtual or anti-bound DD̄→ state. It does
not correspond to a particle in the sense that its wave func-
tion, unlike that of a bound state, is not localized. However,
it produces observable effects at the DD̄→ threshold similar to

those produced by a near threshold resonance or bound state.3
Indeed, scattering experiments alone, in principle, cannot dis-
tinguish between virtual and bound states, but the difference
is not a purely academic one since they can produce different
line shapes in inelastic open channels [24]. The line shapes
of a virtual state and a near-threshold resonance are different
since the former is peaked exactly at the threshold while the
latter, in principle, is above. This can be seen in the left bottom
panel of Fig. 2 where the Jωπ− spectrum for the two fits b = 0
and b ! 0 are shown (for the case Λ2 = 0.5 GeV). Although
the two curves are different, each one would approximately lie
within the error band of the other. Clearly, very precise data
with a good energy resolution and small bin size are necessary
to distinguish among them.
Without taking sides, and given that both natures for the

Zc structure (resonance or virtual state) arise in fits of good
quality, it must be stated that the experimental information
available at this time cannot fully discriminate between both
scenarios and, hence, claims about the Zc structure should
be made with caution. Nevertheless, the resonance scenario
seems to be statistically slightly preferred. It is also clear that
more experimental information is needed to elaborate on the
nature of Zc. In particular, the spectrum of J/ωπwith narrower
bins would be highly desirable to have a good resolution on its
line shape. If it is finally shown to be a virtual state, then it
cannot be a tetraquark, since it does not correspond to a nor-
mal particle, and it can only have a hadronic molecular nature,
in the sense that it appears only because of the DD̄→ interac-
tion.
Summarizing, we have studied the two decays (Y(4260)→

J/ωπ+π−,D→−D0π+) in which the Z±c resonant-like structure is
seen. We have presented the first simultaneous study of the in-
variant mass distributions of the J/ωπ and D̄→D channels with
fully unitarized amplitudes. We find that these data sets are
well reproduced in two different scenarios. In the first one,
in which there is an energy dependence in the D̄→D → D̄→D
potential, the Zc appears as a dynamically generated D̄→D res-
onance. In the second one, however, when the aforementioned
energy dependence is not allowed, it appears as a virtual state,
with the pole located below the DD̄→ threshold. In any case, it
is demonstrated that both data sets can be reproduced with
only one Zc state, so that the two experimentally observed
structures Z±c (3900) and Z±c (3885), in different channels, are
proven to correspond to the same state. Moreover, both fits do
not allow a D̄→D bound state solution.4 Since the virtual state
can only be of hadronic-molecule type, it is really important
to discriminate between these two scenarios. For that pur-
pose, one needs a very precise measurement of the line shapes

3 For example, in the triplet 3S 1 − 3D1 nucleon-nucleon waves there appears
the deuteron, a truly bound state, with real existence (one can prepare a
target or a beam made up of this particle), while in the singlet 1S 0 wave
there is a virtual state, which has not real existence in this sense.

4 We use the term “bound state” loosely here as if all inelastic channels in-
cluding the J/ωπ are neglected.
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TABLE VI. IJPC = 11+→ D↑D̄→D↑D̄↑→J/ωε→ω↓ε→hcε→
ϑcϖ coupled-channel scattering amplitude poles (unit:MeV).
Zc(3900) and Zc(4020) are D↑D̄ and D↑D̄↑ virtual (reso-
nance) poles in this work (PDG [4]).

EThis work

Zc
MPDG

Zc
!PDG

Zc

(3837.7±7.4)+(19.4±1.6)i 3887.1± 2.6 28.4± 2.6 Zc(3900)

(3989.9±5.6)+(26.1±4.3)i 4024.1± 1.9 13± 5 Zc(4020)

D. Zc poles

Finally, Table VI presents the Zc poles in D→D̄ →

D→D̄→
→ J/ωε → ω↑ε → hcε → ϑcϖ coupled-channel scat-

tering amplitude (IJPC = 11+↓) implemented in our
three-body scattering model.10 See Appendix C 2 for the
uncertainty estimation method. One pole (the other) is
a D→D̄ (D→D̄→) virtual state, located at ↑40 MeV below
the threshold. The previous analyses fitted the MωJ/ε

and MD→D̄ lineshape data [Figs. 5(b,c,e,f)] where the
Zc(3900) signals are clearest, but not fitting the cross-
section data that can test Zc production mechanisms and
Zc-pole residues. While some analyses [90, 98–103] ob-
tained virtual poles, the others [99, 100, 104, 105] and
the experimental ones [28, 30, 46] found resonance poles
near the PDG value. Lattice QCD results [96, 106–110]
favor the virtual-state-solution, providing Zc(3900) vir-
tual poles[96]11 as shown in Fig. 16 where our result
compares fairly well. We also searched a Zc resonance
solution. The Zc amplitude in the default-fit model is
replaced by that including energy-dependent D→D̄(→) in-
teractions [99]. Then we refitted the full dataset with 201
parameters, under a constraint that the Zc amplitude has
a resonance pole above the D→D̄(→) threshold. We could
achieve ϱ2

↑ 2510 while ϱ2 = 2320 for the default model.
Compared to the default model, the invariant-mass dis-
tributions are fitted equally well, but some of the cross-
section data are not fitted comparably. Some cases are
shown in Fig. 17. This may suggest the importance of
fitting the cross-section data to discriminate between the
Zc pole locations.

VII. SUMMARY AND OUTLOOK

We performed a global coupled-channel analysis of
most of the available e+e↓ ↓ cc̄ data (20 channels)
in

↔
s = 3.75 → 4.7 GeV for the first time, consider-

ing three-body unitarity approximately and all relevant

10
Since we did not analyze data showing a Zcs(3985) structure [97],

we do not discuss a pole in our D↑
s D̄ → D̄↑Ds → J/ωK coupled-

channel amplitude.
11

The poles listed in Ref. [96] have their conjugates that are physi-

cally more relevant, as pointed out in Ref. [111]. Figure 16 shows

the conjugates.
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FIG. 16. Zc(3900) poles on the D↑D̄ unphysical sheet from
this work, PDG [4], and lattice QCD [96].

coupled-channels. Channel-couplings are caused by bare
ω-excitations, long-range particle exchanges, and short-
range contact interactions. We obtained overall reason-
able fits to both cross-section and invariant-mass distri-
bution data with ϱ2/ndf ↗ 1.6. We clarified mechanisms
that generate various structures in the data, paying spe-
cial attentions to open-charm threshold cusps enhanced
by nearby poles.
We predicted the e+e↓ ↓ µ+µ↓ cross sections using

the vacuum polarization due to light hadrons, leptons,
and charm contributions. The charm contribution was
calculated with the tails of the J/ω and ω↑, as well as
with our coupled-channel model. While our prediction is
consistent with previous calculations based on dispersion
relations, it does not reproduce the fine structure in the
data at

↔
s ↑ 4.2 GeV.

We analytically continued the coupled-channel am-
plitude to extract vector-charmonium poles. We ob-
tained not only familiar vector charmonia, but also those
near the open-charm thresholds; some of the states were
found for the first time. We examined pole trajectories
and compositeness of the poles to explore the internal
structures of the vector-charmonium states. This study
suggested that open-charm hadron-molecular structures
dominated in many states. The ω(4230) and ω(4360)
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FIG. 17. Comparison of the default model (Zc-virtual-state
solution) and Zc-resonance solution on fitting e+e→ annihila-
tion cross-section data. Data are from Refs. [20, 23].
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FIG. 7. Line shapes produced by pure triangle loops for
(a,b)D0D→↑ and (c,d)ω↑J/ε distribution at (a,c)

→
s = 4.23

and (b,d)
→
s = 4.26 GeV. Blue solid lines, orange lines

with markers, green dotted lines correspond to Fig.2(d,e),
only Fig.2(d) and only Fig.2(e), respectively, for (a,b) and
Fig.1(d), Fig.1(d) with only S-wave D1 ↑ D→ω and Fig.1(d)
with only D-wave D1 ↑ D→ω, respectively, for (c,d). The
gray dashed vertical lines indicate the threshold of DD̄→. The
peak at

→
s = 4.26 GeV is slightly narrower since it is closer

to the region where TS occurs.

RS→→→, and we examine its dependence on the cuto!
and the regularization scheme, as presented in Table II.

The identified pole is located far below DD̄↑ threshold
on RS→→→. For comparison, we list the results from other
references that report either virtual or resonant poles in
Table II. Since the pole found here is far from the thresh-
old, the Zc structure near the threshold is primarily due
to the threshold cusp e!ect rather than a resonance or
virtual bound state in our model. In Refs. [19, 25], a
pole located about 80 MeV below the threshold, which
is similar to the one found here, is observed when an
energy-independent interaction is adopted. Additionally,
the HALQCD Collaboration identifies three poles signif-
icantly below the DD̄↑ threshold on RS→→→ and sug-
gests that Zc is not a conventional resonance but rather
a cusp e!ect, based on their lattice setup [36]. Although
the value of mω used in LQCD calculations is unphysical
and further investigations are necessary, all current lat-
tice data from di!erent collaborations have so far shown
no direct evidence of a Zc resonance [31–34, 36].

V. FINITE VOLUME ENERGY LEVELS

In this section, we calculate the finite volume energy
levels using the HEFT and compare them with the spec-
tra extracted from LQCD. HEFT is a formalism that
links finite energy levels to infinite volume scattering am-
plitudes and is equivalent [54] to the standard Lüscher
formula [55–57].

Pole Position Type Scheme(!ωJ/ε)

This work

3798.72 - 1.10i

Virtual

1(1.3GeV)
3798.46 - 1.71i 1(1.5GeV)
3798.12 - 2.26i 1(1.7GeV)
3798.27 - 2.02i 2(1.5GeV)
3797.80 - 2.64i 2(1.7GeV)

Ref. [25]
3798+25

→31 Virtual

-

3902(6)↓ 38(9)i Resonance

Ref. [19]
3831+27

→38 Virtual
3894(6)↓ 30(13)i Resonance

Ref. [21] 3870 Virtual
Ref. [20] 3879 Virtual
Ref. [22] 3872 Virtual
Ref. [26] 3880(3) - 13(1)i Resonance
Ref. [30] 3884 - 22i Resonance
Ref. [27] 3840 Virtual

TABLE II. The pole found on RS↑↑↑ for di”erent schemes
and cuto”s, far away from the observed peak and therefore
has minimal impact. For comparison, the position and type
of the pole reported in other references are also shown.

We begin with a brief introduction. When the system
is confined a finite volume with imposed boundary con-
ditions, the momentum becomes discretized. The sym-
metry group is reduced from the rotational group O(3)
to either the octahedral group Oh or C2/3/4v depend-
ing on the total momentum [58–60]. Consequently, the
potential matrix must be defined in the discretized mo-
mentum basis. Using the Oh symmetry, the Hamiltonian
matrix can be block-diagonalized, allowing the extrac-
tion of finite volume energy levels corresponding to each
irreducible representation (irrep) of Oh. These energy
levels can then be compared with the lattice spectrum.
This formalism has been successfully applied to describe
various systems, such as ” → Nω[61], N↑(1440) [62, 63],
N↑(1535)/N↑(1650)[64, 65], and the positive parity Ds

states [66] on the lattice.
Given that the spin-parity JP of Zc is reported to be

1+ by BESIII, it su#cient to calculate the finite volume
energy levels for the T+

1 irrep of Oh, which is the only
representation that couples to 1+ [67]. The potential
matrix for T+

1 is given below. For a general derivation,
we refer to Ref. [68].

V̂
T+
1

L;ε,ϑ =
(2ω)3

L3

Ncut∑

N,N ↑=0

oc(T+
1 ,N)∑

F=1

oc(T+
1 ,N ↑)∑

F ↑=1

n2=N∑

n

n↑2=N ↑∑

n↑

Vεϑ (pn→ ε↓,pn ε)

(2ω)34
√

ϑε1(pn→)ϑε2(pn→)ϑϑ1(pn)ϑϑ2(pn)

X
T+
1

F (nε)X
T+
1

F ↑ (n↓ ε↓)
∣∣N ↓;T+

1 , F ↓〉 〈N ;T+
1 , F

∣∣ ,
(42)

where pn ↑ 2ω
L n and Vεϑ is the potential in infi-

nite volume. The vector
∣∣N ;T+

1 , F
〉

is orthonormal-
ized and furnishes T+

1 -irrep in the invariant subspace

𝜋%𝜋& and 𝐽/𝜓𝜋± mass spectra @ 𝑒%𝑒& → 𝐽/𝜓𝜋%𝜋&
𝐷∗𝐷∗& mass spectrum @ 𝑒%𝑒& → 𝐷∗𝐷∗& 𝜋%
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regularized two-point scalar loop function [82],

Gi(t) =
1

16ω2

{
ai(µ) + log

m
2
i1

µ2
+

m
2
i2 →m

2
i1 + t

2t
log

m
2
i2

m
2
i1

+
qi
↑
t
log

(t+ 2qi
↑
t)2 → (m2

i1 →m
2
i2)

2

(t→ 2qi
↑
t)2 → (m2

i1 →m
2
i2)

2

}
, (12)

where q
2
i = ε(t,m2

i1,m
2
i2)/(4t) denotes the c.m. momen-

tum squared for channel i, with the Källén triangle func-
tion ε(a, b, c) = a

2+ b
2+ c

2
→2(ab+ac+ bc). A variation

of the scale µ can always be absorbed by a corresponding
change of the subtraction constants ai(µ). The values of
a1(µ = 1GeV) = →2.77 and a2(µ = 1GeV) = →3.0 are
fixed following [57].

For the process Y (pa) ↓ D
→(pb)D̄(pd)ω(pc), we con-

sider the Feynman diagrams (2a)-(2d) in Fig. 1. The
D

→
D̄ spectra is then obtained as

d!

dmD→D̄
=

NmD→D̄

128ω3M3
Y

ˆ s+

s↑

|M Y↑D→D̄ω(s, t)|2ds , (13)

where t = m
2
D→D̄

, s± are the limits of the variable
s = (pc + pd)2 for the decay, and N is an unknown
normalization factor. The explicit expression for the
amplitude of Y ↓ D

→
D̄ω is provided in the Supplemen-

tal Material.

3. Results and discussions

With the above constructed amplitudes, which ac-
count for TSs from the open-charm triangle diagrams,
the ωω-KK̄ FSI and the DD̄

→
(s)-J/ϑω(K) FSI, we fit

to the updated BESIII data. The data include both
the ω

+
ω
↓ and J/ϑω

± invariant mass distributions of
e
+
e
↓

↓ J/ϑω
+
ω
↓ [31] and the D

0
D

→↓ distribution
of e

+
e
↓

↓ D
0
D

→↓
ω
+ [29]. For e

+
e
↓

↓ J/ϑω
+
ω
↓

process, the background events from the experimental
analyse [31] are subtracted from the data. While for
the e

+
e
↓

↓ D
0
D

→↓
ω
+ process, there is little back-

ground from other processes owing to the use of the
double-D-tag technique.3 Thus, the BESIII data for
e
+
e
↓

↓ D
0
D

→↓
ω
+ [29] are fitted without any back-

ground subtraction. As in [31, 38], we consider the mea-
surements at E = 4.23GeV and 4.26GeV (which have
152 and 160 data points, respectively) as independent,
and thus the couplings related to the source Y (y, gY P1,
gY P2, and gY P3) at these two energy points are inde-
pendent fit parameters. The same holds for the seven
subtraction parameters mentioned above. Both energies,
however, share the same J/ϑω–DD̄

→ coupled-channel T -
matrix. In total, there are 27 free parameters: y, gY P1,

3 Although the non-Zc(3900) contribution was denoted as “back-
ground” and was added incoherently in the BESIII analysis [29],
it is not from misidentified particles and thus not a genuine back-
ground.

gY P2, gY P3, N and seven subtraction parameters for each
e
+
e
↓ c.m. energy, and common parameters C12, C1Z and

b for the J/ϑω-DD̄
→ scattering T -matrix. Fits were per-

formed using MINUIT [83–85]. We do not consider the
convolution of the distributions with the energy resolu-
tion of the BESIII data since the latter is much more
precise than the bin widths of the fitted invariant mass
distributions. The best fit can well describe all the BE-
SIII data (see Fig. 2), with ϖ

2
/d.o.f. = 1.66. The pa-

rameter values and a few other fits with sizeably worse
quality are provided in the Supplemental Material.

Since the triangle diagrams have logarithmic singu-
larities near the DD̄

→ threshold, it is a priori unclear
whether a Zc pole is needed to explain the data. The
(ϱ1ϱ2) Riemann sheet (RS) of the J/ϑω-DD̄

→
T -matrix

can be accessed by analytically continue the Gi function
in Eq. (12):

Gi(t) ↓ Gi(t) + ϱi2iςi(t) (14)

where ςi(t) = ε
1/2(t,m2

i1,m
2
i2)/(16ωt) is the two-body

phase space in channel i (i = 1, 2). In this convention,
the physical sheet is denoted as RS-I=(00), and the other
three RSs are labeled as RS-II=(10), RS-III=(11), and
RS-IV=(01).

To obtain the statistical uncertainties, we generate 109

parameter sets following a multivariate normal distri-
bution taking into account the parameter correlations.
Among them 320 sets are within 1φ, which are selected by
requiring the corresponding Mahalanobis distance from
the best fit to be ↔ 1. We get C12 = →0.006+0.006

↓0.013 fm2,

C1Z = (→0.21±0.01) fm2, and b = →0.34+0.04
↓0.05 fm

3. With
these 1φ parameter sets, there is always a pole on RS-III
in the J/ϑω–DD̄

→ coupled-channel T -matrix above the
DD̄

→ threshold, which is identified as a resonance corre-
sponding to the Zc(3900)±. Consequently, the Zc pole is
precisely determined as

(3880.7± 1.7± 22.4)→ i(17.9± 0.7± 7.7) MeV . (15)

Here the first error is statistically propagated from the
data, and the corresponding pole distribution is shown as
the green dots in Fig. 3, where the mass and half width of
Zc are identified as the real and imaginary parts of the
pole. The second error is systematic and estimated in
the following way: We take the list of various sources of
systematic errors in the BESIII analysis of the J/ϑω+

ω
↓

data from Table II in Ref. [31], and subtract out those
that have been under control by using the dispersive ap-
proach, i.e., those involving the light scalar resonances
and the nonresonant part for ωω, as well as the one cor-
responding to the Zc parameterization with a constant
Breit-Wigner width. These systematic errors are added
in quadrature, and the resulting values are taken as the
systematic uncertainties. The so-obtained systematic er-
ror for the mass MZc is then scaled by the ratio of the
systematic errors of the pole mass and MZc , which is
a Flatté parameter, in the BESIII analysis (52.7 and

Y.H.Chen, M.L.Du and F.K.Guo,
, Sci.China Phys.Mech.Astron. 67 (2024) 9, 291011

solution I: resonance 
Solution II: virtual state

Below thresh. 30-40 MeV Virtual state: below thresh. 30-40 MeV

Three-coupled-channel analysis: 𝐷@𝐷∗, ⁄𝐽 𝜓 𝜋, and 𝜌𝜂0

resonance:
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𝑫𝑫𝑫∗ state and 𝒁𝒄(𝟑𝟗𝟎𝟎)
lFor 𝑍*(3900): the 𝜔 and 𝜌 exchange are nearly 

cancle out
►Exactly cancel out if 𝑚1 = 𝑚2
►The coupling of 𝜋 and 𝜂 are fixed
►Very sensitive to the 𝜎-exchange

l𝜎-exchange: 
►blind for the spin and isospin
►Attactive for all pairs
►3-body: 3 different pairs
►2-body: 1 pair

l𝑍*(3900) and 𝐷𝐷𝐷∗ bound state 
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FIG. 2. The coordinate space potentials in the isospin limit for the systems corresponding to the X(3872), Tcc(3875), and Zc(3900) states.
The parameter ! is set to 1.20 GeV, with Rω , Rε, and Rs fixed at 1.

TABLE III. Isospin factor for DD̄→/D̄D→ and DD→ systems. The “diag.” and “off.” are the diagonal and off-diagonal matrix element in the
isospin violating scenario.

DD→ DD̄→/D̄D→, C = +1 DD̄→/D̄D→, C = →1

↑Oiso↓ diag. off. I = 0 I = 1 diag. off. I = 0 I = 1 diag. off. I = 0 I = 1

V D
ϑ

1
2 →1 3

2 →
1
2

1
2 1 3

2 →
1
2

1
2 1 3

2 →
1
2

V D
ϖ →

1
2 0 →

1
2 →

1
2

1
2 0 1

2
1
2

1
2 0 1

2
1
2

V D
ϱ 1 0 1 1 1 0 1 1 1 0 1 1

V C
ς →1 1

2 →
3
2 →

1
2 →

1
2 →1 →

3
2

1
2

1
2 1 3

2 →
1
2

V C
φ 0 →

1
6

1
6 →

1
6 →

1
6 0 →

1
6 →

1
6

1
6 0 1

6
1
6

V C
ϑ 1 →

1
2

3
2

1
2 →

1
2 →1 →

3
2

1
2

1
2 1 3

2 →
1
2

V C
ϖ 0 1

2 →
1
2

1
2 →

1
2 0 →

1
2 →

1
2

1
2 0 1

2
1
2

B. Fix the parameters

Even though one set of parameters for the OBE potential
(model-I) is provided in Table II, the model dependence and
uncertainties associated with these parameters have not been
seriously evaluated. Notably, the coupling constants reported
in the literature exhibit significant variation [20, 53, 54, 84,
107]. As shown in Table I, the strength of the ω-exchange
potential in model-II [84] are almost 20 times larger than that
in model-I [53, 54]. Consequently, the interaction of model-
II predicts a bound DDD

→ state [65], whereas calculations
using the interaction of model-I yield an unbound result (see
Sec. III). Additionally, uncertainties arising from cutoff de-
pendence remain largely unaddressed. A compromise ap-
proach is to fix the coupling constants and vary the cutoff
within a reasonably assumed range to examine the changes
in predictions. This leads to the fact that many theoretical
predictions based on the OBE model are highly sensitive to

the cutoff. In fact, during the determination of nuclear forces
using the OBE model, the coupling constants themselves are
cutoff-dependent. Only when the cutoff associated with the
coupling constants is explicitly specified does the OBE model
possess genuine predictive power.

In this work, we propose using the pole positions
of X(3872), Tcc(3875), and Zc(3900) to determine the
three independent coupling constants in the OBE mod-
els—equivalently, the parameters Rω, Rε , and Rs in Eq. (7).
Recent refined analyses of the line shapes by LHCb [115]
and BESIII [116] suggest that the pole of X(3872) is lo-
cated on the physical sheet of the D

0
D̄

→0
/D̄

0
D

→0 channel.
This implies that X(3872) is likely a loosely bound state of
DD̄

→
/D̄D

→, assuming the effects of other coupled channels
such as DD̄ε, DD̄ϑ, J/ϖεε, and J/ϖεεε are negligible.
The decay fractions of the final states J/ϖεε and J/ϖεεε
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Even though one set of parameters for the OBE potential
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uncertainties associated with these parameters have not been
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107]. As shown in Table I, the strength of the ω-exchange
potential in model-II [84] are almost 20 times larger than that
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II predicts a bound DDD

→ state [65], whereas calculations
using the interaction of model-I yield an unbound result (see
Sec. III). Additionally, uncertainties arising from cutoff de-
pendence remain largely unaddressed. A compromise ap-
proach is to fix the coupling constants and vary the cutoff
within a reasonably assumed range to examine the changes
in predictions. This leads to the fact that many theoretical
predictions based on the OBE model are highly sensitive to

the cutoff. In fact, during the determination of nuclear forces
using the OBE model, the coupling constants themselves are
cutoff-dependent. Only when the cutoff associated with the
coupling constants is explicitly specified does the OBE model
possess genuine predictive power.

In this work, we propose using the pole positions
of X(3872), Tcc(3875), and Zc(3900) to determine the
three independent coupling constants in the OBE mod-
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FIG. 6. Variation of the three-body (I = 1/2) binding energy !EDDD→ with the Zc(3900) pole position. !EDDD→ is measured relative
to the TccD threshold, while the Zc(3900) pole position is defined relative to the DD̄→/D̄D→ threshold. Filled circles indicate bound states
(!EDDD→ < 0), and hollow circles represent unbound states (!EDDD→ > 0). Variations at the same Zc(3900) pole position arise from
different fitting parameters for the Tcc(3875) and X(3872) pole positions.

B. Numerical results and discussions

In our three-body calculations, neither the isospin-breaking
effects nor the channel-coupling effects involving configura-
tions like D→

D
→
D and D

→
D

→
D

→ are considered. The binding
energy of the isospin- 12 three-body system is defined relative
to the TccD threshold, where Tcc is treated as a single-channel
DD

→ bound state in the isospin limit. The systematic uncer-
tainties due to isospin violation and channel-coupling effects
are expected to largely cancel out, provided that two-body and
three-body calculations are performed in a consistent manner.

In the calculation of the DDD
→ system, we first employ

the coupling constants in model-II [84], yielding consistent
results with Ref. [65] and confirming the presence of a bound
state in the parameter set. However, when using the parame-
ters in model-I [53, 54], no bound state is observed, indicat-
ing that the existence of a bound state is strongly parameter-
dependent. Comparing the two parameter sets given in Ta-
ble II, it is apparent that the strengths of the scalar-meson-
exchange interaction differ by approximately 20 times, which
plays a significant role. The differences in the pseudoscalar-
meson- and vector-meson-exchange strength are tiny. Addi-

tionally, another distinction is that the model-II does not in-
clude the ω exchange, whereas it is considered in model-I.
However, since the ω-exchange interaction is weak, it is not
a key point.

To investigate the possible variation of the DDD
→, we

employ the refined parameters recalibrated by the X(3872),
Tcc(3875), and Zc(3900) pole positions in Sec. II. The results
for I = 1/2 system are shown in Fig. 6, focusing on the con-
nection between the DDD

→ system and Zc(3900). One can
see the existence of the three-body bound state is closely tied
to the pole position of the Zc(3900): As the Zc(3900) pole
position moves toward its threshold, the three-body system’s
binding energy increases, while the Zc(3900) pole moves
away from its threshold, the three-body binding energy de-
creases until no bound state exists. This connection can be
easily understood through the variation in the strength of the
ε-meson-exchange interaction. A near-threshold Zc(3900)
pole corresponds to a strong attractive ε-meson-exchange in-
teraction, which tends to form a bound state. Conversely,
a distant Zc(3900) pole corresponds to a weak attractive ε-
meson-exchange interaction, resulting in an unbound three-
body system. In Fig. 7, examples of strong ε-exchange
(Rs = 4.0) and weak ε-exchange (Rs = 2.1) interactions are

𝐷𝐷𝐷∗

bound-unbound transition point

Conclusion
lRemain uncertain: 

►𝐷𝐷𝐷∗ bind or not
►𝑍* 3900 pole position

lThey are closely related
►𝑍* 3900 pole position
►Progress in either direction 

shed light on the other
lSeveral sets of coupling

Stronger 𝜎 coupling, toward bound 𝐷𝐷𝐷∗

𝑍0 3900
virtual state pole −15~ − 20 MeV
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Pentaquark state in OBE model
lFail to determine 3 coupling constants by three states

lS-wave Interaction: central  + spin-depedent

►For Σ*=𝐷, only central part
►The hirachy of Δ𝐸 relect the 𝑉3

Towards modeling the short-range interactions of hidden/open charm pentaquark molecular states

Ru Xu,1 Lu Meng ,2, → Hai-Xiang Zhu ,1 Ning Li ,1, † and Wei Chen 1, 3, ‡
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The hadronic !(→)
c D̄(→) and !(→)

c D(→) interactions are revisited, with a focus on their short-range parts, moti-
vated by a tension between the interpretations of Pcc̄(4312), Pcc̄(4440), and Pcc̄(4457) in effective field theory
(EFT) frameworks and the one-boson-exchange (OBE) model. While the three states can be interpreted as
!cD̄

(→) molecular states within EFT frameworks, this is not feasible in the single-channel OBE model with
consistent cutoff. In this work, the possibility to reconcile OBE model with EFTs by refitting the ω-, ε- and
ϑ-exchange interaction is explored and ruled out. It is pointed out that the problem in OBE arises from the
strong short-range spin-dependent one-pion-exchange (OPE) interaction and the fixed signs of other short-range
interactions in OBE model also prevent the cancellation. To address this issue, the short-range subtraction strate-
gies within the OBE model are revisited. Two subtraction schemes are explored: removing the delta-function
from all interactions and eliminating it only from the pseudoscalar-meson-exchange component. These schemes
favor different spin assignments for Pcc̄(4440) and Pcc̄(4457). Though solving the problem, there is no clear
dynamical picture to support the subtraction schemes. We propose a new quark-exchange mechanism motivated
by the Pauli principle. Different from the two subtraction schemes in OBE, the quark-exchange mechanism
offers an explanation grounded in microscopic dynamics. It is shown that the spin-dependent quark-exchange
interaction cancels those from OPE. The differences in the predictions for the spin, isospin, and open-charm
partner states of the experimental Pcc̄ states offer a way to distinguish between the subtracted OBE model and
the OBE model with quark-exchange contributions.

I. INTRODUCTION

Over the past two decades, a multitude of exotic hadron
candidates have been observed in experiments, sparking con-
siderable interest and inspiring numerous theoretical efforts
to unravel their underlying nature (see [1–8] for reviews).
Among the various theoretical interpretations proposed, the
hadronic molecule picture has garnered significant attention.
This framework describes exotic hadrons as loosely bound
(or quasi-bound) states of two color-singlet hadrons, analo-
gous to the deuteron in nuclear physics. Identifying hadronic
molecules and distinguishing them from other possible con-
figurations, such as compact multiquark states, is a pivotal
task in understanding the spectrum of exotic hadrons. In
this context, the Tcc(3875)[9, 10] and the three Pcc̄ states
(Pcc̄(4312), Pcc̄(4440) and Pcc̄(4457))[11, 12] are particu-
larly promising candidates for hadronic molecules with the
following compelling features:

• Manifest multiquark nature: The minimal quark content
is ccūd̄ for Tcc(3875) and cc̄uud for Pcc̄ states, placing
them beyond the conventional hadrons;

• Proximity to thresholds: Their masses lie close to the
thresholds of relevant two-hadron systems, Tcc(3875)
for DD→ threshold, Pcc̄(4312) for !cD̄ threshold and
Pcc̄(4440) and Pcc̄(4457) for the !cD̄→ threshold as
shown in Fig 1;

→ lu.meng@rub.de
† lining59@mail.sysu.edu.cn
‡ chenwei29@mail.sysu.edu.cn
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FIG. 1. The experimental Pcc̄ masses with respective to two-hadrons
thresholds (!cD̄ threshold for Pcc̄(4312) and !cD̄

→ threshold for
Pcc̄(4440) and Pcc̄(4457)). The isospin-averaged thresholds are
used. The blue lines and the green shadows represent the nominal
fit and the uncertainties in the LHCb analysis [12].

• Narrow widths: Their narrow widths indicate that they
are likely to be stable particles under the strong interac-
tion once the small coupling to the lower thresholds is
neglected;

• Almost stable constituent hadrons: The narrow widths
of !c, D and D→ justify treating these constituents as
effectively stable particles in theoretical analyses.

In this work, we focus on the Pcc̄ states. Prior to their
experimental observation, theoretical studies had predicted
hidden-charm pentaquark states using meson-exchange mod-
els [13, 14] and the chiral quark model [15]. In 2015, the
LHCb collaboration reported the first observation of pen-
taquark states in the J/ωp invariant mass spectrum from
”0
b
→ J/ωpK↑ decays [11]. This analysis identified a wide
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TABLE I. Analytical expressions for !(→)
c D̄(→) interactions derived from OBE in momentum space. The full potential is the product of

Ccoupling , Os,r , and Oiso. The coupling constants ω, gs, g, and ε correspond to the vertices of the !(→)
c systems, while ωs, ls, g1, and εs

are associated with the D̄(→) systems. The sign of Ccoupling is determined by quark models. Expressions for VC , VT , and VTS are provided
in Eq. (4). The Ii denote isospin operators. The !(→)

c D(→) interaction can be derived using the G-parity rule, with the G-parities listed in the
second column. Expressions in coordinate space can be easily obtained via Fourier transformation, see Appendix B.

Mesons G-parity
Coupling Spin-spatial Isospin

Ccoupling sign(Ccoupling) Os,r Oiso I = 1
2 I = 3

2

ϑ +1
→

ωωsg
2
v

2
1 VC

I1 · I2 →1 1
2

ϖ →1 1
2

1
2

1
2

ϱ +1 →lsgs -1 VC 1 1 1

ς →1 gg1
f2
ω

1 VT (s1, s2)
I1 · I2 →1 1

2

φ +1 1
6

1
6

1
6

ϑ +1
→

2
3εεsg

2
v -1 VTS(s1, s2)

I1 · I2 →1 1
2

ϖ →1 1
2

1
2

1
2

0.56, a value also adopted in Refs. [25, 26, 46]. This result
is more reasonable for bottom systems than for charm sys-
tems due to uncertainty of the static heavy quark limit. The
third option is another lattice result based on an axial charge
calculation [123], which extracts g1 → 0.71 for the !c sys-
tem. This value has been used to investigate the scattering
of charmed baryons on nucleons [124]. In this work, we
adopt the third value derived from first-principles calculations.
The remaining coupling constants can only be estimated us-
ing phenomenological models [17, 25]. In this work, we will
not adopt the values from the literature but instead determine
them by fitting the Pcc̄ spectrum. The values from Ref. [17],
presented in Table II, will serve as a baseline. To this end, we
introduce variable scaling factors for the baseline values of the
coupling constants:

ωωs ↑ Rωωωs, lsgs ↑ Rslsgs, εεs ↑ Rεεεs. (6)

It is important to note that while the precise values of these
coupling constants are challenging to determine a priori, the
signs of Ccoupling can be reliably deduced from quark models,
as shown in the fourth column of Table II. Consequently, in
the subsequent fitting procedure, we constrain the signs of the
coupling constants based on the quark model and only seek
solutions for positive values of Rε, Rω , and Rs.

The potential in coordinate space can be readily derived
from its counterpart in momentum space using the following
transformations:

1

u2 + q2
↑ e→ur

4ϑr
, (7)

q2

u2 + q2
= 1↓ u2

u2 + q2
↑ ϖ3(r)↓ u2e→ur

4ϑr
, (8)

qiqj
u2 + q2

↑ ↓e→ur

4ϑr

(
u2

3
+

u

r
+

1

r2

)
Tij

+
1

3

(
ϖ3(r)↓ u2e→ur

4ϑr

)
ϖij , (9)

with

Tij =
3rirj
r2

↓ ϖij , (10)

representing the tensor force term. Two singularities in
the coordinate-space potentials can be readily identified:
the delta-function term and the 1/r3 term in the tensor
force. These singularities arise due to short-range interac-
tions, which lie beyond the valid range of the OBE interaction.
A practical approach to mitigate these contributions from the
high-momentum region is to apply a regulator:

V (q, u) ↑ V (q, u)F 2(u,”, q2),

F (u,”, q2) =
”2 ↓ u2

”2 + q2
, (11)

where F (u,”, q2) is the regulator function. The Fourier
transform of the regulated potential is provided in Ap-
pendix B. After regularization, the coordinate-space poten-
tial no longer exhibits either the delta-function singularity or
the 1/r3 singularity. The regulator in Eq. (11) can effectively
modify the coupling. In principle, independent cutoff parame-
ters could be chosen for different vertices to adjust the interac-
tion. However, since the regulator satisfies F (u,”, q2) < 1,
it can only soften the interaction and cannot enhance it. To
address scenarios where the baseline interaction requires en-
hancement, we introduce an additional factor in Eq. (6) and
apply a uniform cutoff parameter across all vertices.

The !(↑)
c D(↑) interaction within the OBE model can be eas-

ily derived from the !(↑)
c D̄(↑) interaction using the G-parity

rule. The G-parities of the exchanged mesons are provided in
Table I.

Σ*=𝐷 Σ*=𝐷∗ Σ*=𝐷∗5

TABLE II. Hadron masses and baseline coupling constants [17, 125].
All masses and fω are given in units of GeV, while ω and ωs are
expressed in GeV→1. The present values of g and fω have been
updated based on recent experimental results, leading to differences
compared to those in Ref. [17]. The g1 is take from lattice QCD sim-
ulations [123]. The values of gsls, ωωs, and εεs are used as baseline
parameters, where a rescaling factor can be applied, as specified in
Eq. (6).

mω mε mϑ mϖ mϱ

0.137 0.548 0.775 0.783 0.600

fω g ε ω gs mD mD→

0.130 0.57 0.9 0.56 0.76 1.867 2.009

gv g1 εs ωs ls m!c m!→
c

5.8 0.71 -1.74 3.31 6.2 2.453 2.518

III. FIT THE Pcc̄ SPECTRUM

To determine Rω , Rε, and Rs in Eq. (6), we fit the spectrum
of the Pcc̄(4312), Pcc̄(4440), and Pcc̄(4457) states. Since the
number of parameters matches the number of inputs, this be-
comes a numerical solution problem. To account for the un-
certainties in the Pcc̄ states, we consider three values for each
state: the upper limit, the nominal value, and the lower limit.
Additionally, we impose the constraint that the binding en-
ergy order must remain consistent with the nominal results.
This setup leads to a maximum of 27 possible combinations
of inputs as follows:

!E(Pcc̄(4312)) → {↑0.8,↑7.8,↑8.7} MeV,

!E(Pcc̄(4440)) → {↑16.3,↑20.3,↑25.3} MeV, (12)
!E(Pcc̄(4457)) → {↑1.1,↑5.1,↑6.9} MeV,

!E(Pcc̄(4440)) < !E(Pcc̄(4312)) < !E(Pcc̄(4457)).

The cutoff parameter in the potential is varied from 1.0 GeV
to 1.4 GeV. To align with simple EFT calculations, we do not
consider coupled-channel effects but include only the S-wave
interactions.

A. Interaction without subtraction

We first determine the parameters using the interaction
without subtraction. By varying Rω , Rε, and Rs to search
for solutions for any input in Eq. (12), we find none. During
this process, Rω , Rε, and Rs are constrained to be positive
to ensure the coupling constants align with the quark model
predictions. This result is understandable. As mentioned in
Sec. I, fitting the Pcc̄ spectrum requires a dominant central
interaction and a small spin-dependent interaction to account
for the binding energy splittings. However, we will see that in

the non-subtraction scheme, the one-pion-exchange (OPE) in-
teraction generates a significant spin-dependent contribution,
preventing obtaining the solution.

In general, we decompose the S-wave interaction as

V = V ϑ,ϖ,ϱ

C
+ V ϑ,ϖ

S
+ V ςφ

S
, (13)

where VC and VS are central and spin-dependent interaction,
respectively. The superscripts label the exchanged mesons.
Focusing first on Pcc̄(4312), where the spin-dependent inter-
action is absent, the central interaction arises from ω-, ε-, and
ϑ-exchange (see Table I). Since the ω and ε masses are nearly
identical, the interaction’s sign is determined by ω-exchange,
which has a larger isospin factor. Consequently, the central
interactions from vector meson and scalar meson exchange
are both attractive. Their strengths can be adjusted by varying
Rω or Rs to match the Pcc̄(4312) binding energy. We present
the central potential V ϑ,ϖ,ϱ

C
in Fig. 3 permitting the nominal

binding energy of Pcc̄(4312).
For spin-dependent interactions of ”cD̄→ systems, the sign

of the vector-meson-exchange contribution is also determined
by ω-exchange. In the pseudoscalar-meson-exchange interac-
tion, ϖ-exchange plays a minor role due to its small isospin
factor. In some studies, the ϖ-exchange interaction is ne-
glected, and we find no qualitative changes when doing
so. The dominant contribution comes from the one-pion-
exchange (OPE) interaction, which primarily governs the
spin-dependent pseudoscalar-meson interaction. As shown in
Table I, the spin-dependent OPE and vector-meson-exchange
interactions share the same sign. Figure 3 reveals similar re-
sults,

sign(V ϑ,ϖ

S
) = sign(V ς,φ

S
). (14)

The magnitude of the total spin-dependent interaction VS is
thus lower-bounded by the V ς,φ

S
, whose coupling is fixed. No-

tably, the V ς,φ

S
is comparable to, or even exceeds, the central

interaction V ϑ,ϖ,ϱ

C
in magnitude. This strong spin-dependent

interaction would result in a deeply bound ”cD̄→(1/2) state
and an unbound ”cD̄→(3/2) state, both of which contradict
the target binding energies in Eq. (12).

We can prove the above statement via a simple calculation
based on perturbation theory. We could set V ϑ,ϖ

S
= 0 to check

the result in the limit. Compared the central interaction, we
treat the V ς,φ

S
as a perturbation.

(H0 + VC)|ϱ(0)↓ = E(0)|ϱ(0)↓,
E(1) = E(0) + ↔ϱ(0)|V ς,φ

S
|ϱ(0)↓, (15)

where the zero-order eigenvalue is just the binding energy of
the ”cD̄ system, namely, Pcc̄(4312). In Fig. 4, we plot the
first-order energy of ”cD̄→ systems versus the binding energy
of ”cD̄ system. One can see clearly, due to the strong spin-
dependent interaction, the ”cD̄→(3/2) is unbound whereas
the ”cD̄→(1/2) is a deeply bound state with binding energy
mostly larger than ↑30 MeV. Therefore, we conclude that the
failure to obtain a solution in the non-subtracted interaction
stems from the large spin-dependent interaction in the one-
pion exchange. This issue cannot be resolved by adjusting the

Why?
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TABLE II. Hadron masses and baseline coupling constants [17, 125].
All masses and fω are given in units of GeV, while ω and ωs are
expressed in GeV→1. The present values of g and fω have been
updated based on recent experimental results, leading to differences
compared to those in Ref. [17]. The g1 is take from lattice QCD sim-
ulations [123]. The values of gsls, ωωs, and εεs are used as baseline
parameters, where a rescaling factor can be applied, as specified in
Eq. (6).

mω mε mϑ mϖ mϱ

0.137 0.548 0.775 0.783 0.600

fω g ε ω gs mD mD→

0.130 0.57 0.9 0.56 0.76 1.867 2.009

gv g1 εs ωs ls m!c m!→
c

5.8 0.71 -1.74 3.31 6.2 2.453 2.518

III. FIT THE Pcc̄ SPECTRUM

To determine Rω , Rε, and Rs in Eq. (6), we fit the spectrum
of the Pcc̄(4312), Pcc̄(4440), and Pcc̄(4457) states. Since the
number of parameters matches the number of inputs, this be-
comes a numerical solution problem. To account for the un-
certainties in the Pcc̄ states, we consider three values for each
state: the upper limit, the nominal value, and the lower limit.
Additionally, we impose the constraint that the binding en-
ergy order must remain consistent with the nominal results.
This setup leads to a maximum of 27 possible combinations
of inputs as follows:

!E(Pcc̄(4312)) → {↑0.8,↑7.8,↑8.7} MeV,

!E(Pcc̄(4440)) → {↑16.3,↑20.3,↑25.3} MeV, (12)
!E(Pcc̄(4457)) → {↑1.1,↑5.1,↑6.9} MeV,

!E(Pcc̄(4440)) < !E(Pcc̄(4312)) < !E(Pcc̄(4457)).

The cutoff parameter in the potential is varied from 1.0 GeV
to 1.4 GeV. To align with simple EFT calculations, we do not
consider coupled-channel effects but include only the S-wave
interactions.

A. Interaction without subtraction

We first determine the parameters using the interaction
without subtraction. By varying Rω , Rε, and Rs to search
for solutions for any input in Eq. (12), we find none. During
this process, Rω , Rε, and Rs are constrained to be positive
to ensure the coupling constants align with the quark model
predictions. This result is understandable. As mentioned in
Sec. I, fitting the Pcc̄ spectrum requires a dominant central
interaction and a small spin-dependent interaction to account
for the binding energy splittings. However, we will see that in

the non-subtraction scheme, the one-pion-exchange (OPE) in-
teraction generates a significant spin-dependent contribution,
preventing obtaining the solution.

In general, we decompose the S-wave interaction as

V = V ϑ,ϖ,ϱ

C
+ V ϑ,ϖ

S
+ V ςφ

S
, (13)

where VC and VS are central and spin-dependent interaction,
respectively. The superscripts label the exchanged mesons.
Focusing first on Pcc̄(4312), where the spin-dependent inter-
action is absent, the central interaction arises from ω-, ε-, and
ϑ-exchange (see Table I). Since the ω and ε masses are nearly
identical, the interaction’s sign is determined by ω-exchange,
which has a larger isospin factor. Consequently, the central
interactions from vector meson and scalar meson exchange
are both attractive. Their strengths can be adjusted by varying
Rω or Rs to match the Pcc̄(4312) binding energy. We present
the central potential V ϑ,ϖ,ϱ

C
in Fig. 3 permitting the nominal

binding energy of Pcc̄(4312).
For spin-dependent interactions of ”cD̄→ systems, the sign

of the vector-meson-exchange contribution is also determined
by ω-exchange. In the pseudoscalar-meson-exchange interac-
tion, ϖ-exchange plays a minor role due to its small isospin
factor. In some studies, the ϖ-exchange interaction is ne-
glected, and we find no qualitative changes when doing
so. The dominant contribution comes from the one-pion-
exchange (OPE) interaction, which primarily governs the
spin-dependent pseudoscalar-meson interaction. As shown in
Table I, the spin-dependent OPE and vector-meson-exchange
interactions share the same sign. Figure 3 reveals similar re-
sults,

sign(V ϑ,ϖ

S
) = sign(V ς,φ

S
). (14)

The magnitude of the total spin-dependent interaction VS is
thus lower-bounded by the V ς,φ

S
, whose coupling is fixed. No-

tably, the V ς,φ

S
is comparable to, or even exceeds, the central

interaction V ϑ,ϖ,ϱ

C
in magnitude. This strong spin-dependent

interaction would result in a deeply bound ”cD̄→(1/2) state
and an unbound ”cD̄→(3/2) state, both of which contradict
the target binding energies in Eq. (12).

We can prove the above statement via a simple calculation
based on perturbation theory. We could set V ϑ,ϖ

S
= 0 to check

the result in the limit. Compared the central interaction, we
treat the V ς,φ

S
as a perturbation.

(H0 + VC)|ϱ(0)↓ = E(0)|ϱ(0)↓,
E(1) = E(0) + ↔ϱ(0)|V ς,φ

S
|ϱ(0)↓, (15)

where the zero-order eigenvalue is just the binding energy of
the ”cD̄ system, namely, Pcc̄(4312). In Fig. 4, we plot the
first-order energy of ”cD̄→ systems versus the binding energy
of ”cD̄ system. One can see clearly, due to the strong spin-
dependent interaction, the ”cD̄→(3/2) is unbound whereas
the ”cD̄→(1/2) is a deeply bound state with binding energy
mostly larger than ↑30 MeV. Therefore, we conclude that the
failure to obtain a solution in the non-subtracted interaction
stems from the large spin-dependent interaction in the one-
pion exchange. This issue cannot be resolved by adjusting the
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FIG. 3. The potentials in the coordinate space. V ω,ε,ϑ
C denotes the central potential while V ϖ,ϱ

S and V ω,ε
S denote the spin-dependent interaction

from the respective pseudoscalar-meson and vector-meson exchanges. V i
S,sub is the spin-dependent interaction with the delta term subtracted.

The central interaction is adjusted to get the experimental Pcc̄(4312) binding energy.

FIG. 4. Binding energy splittings of the !cD̄
→ system within a per-

turbation theory. E(0) denotes the binding energy of !cD̄ while
E(0) + →Vϖ+ϱ↑ is the binding energy of the !cD̄

→ system in a per-
turbation theory.

vector-meson-exchange interaction, as it would only further
enhance the spin-dependent interaction. We also test smaller
pionic coupling constants, g1, as used in Refs. [121, 122],
which is insufficient to resolve this problem.

B. Interaction with subtraction

The above problem that assign Pcc̄(4440) and Pcc̄(4457) as
!cD̄→(1/2) and !cD̄→(3/2), in any mass order, is hindered by
the OPE interaction, were also noted in Refs. [25, 28, 126].
To address this issue, Ref. [28] interprets Pcc̄(4457) as a

”c(2595)D̄ molecular state, while Refs. [25, 126] propose
adjusting the short-range interaction. Specifically, the delta-
function term is removed entirely in Ref. [25], and manu-
ally reduced by about 80% in Ref. [126]. The effect of the
delta-function in OBE were also discussed in Refs. [127–
129]. In Fig. 3, we show the subtracted potential func-
tions for the pseudoscalar-meson-exchange interaction, V ω,ε

S,sub,
and the spin-dependent vector-meson-exchange interaction,
V ϑ,ϖ

S,sub. The strength of V ω,ε

S,sub becomes tiny due to the
quadratic dependence on the small pion mass in the Yukawa
potential, as shown in Eq. (8). Additionally, removing the
delta-function term changes the sign of V ϑ,ϖ

S,sub, as indicated in
Eq. (8). With the softened OPE interaction, the spin splitting
is significantly reduced, resolving the issue.

In fact, alternative solutions exist if one is not concerned
with the specific mechanism of the adjustment. For exam-
ple, instead of removing the entire delta-function term in the
OBE interaction, one could selectively subtract it only from
the OPE contribution or the pseudoscalar-meson exchange in-
teraction. In this work, we test two approaches:

• subtraction-I: removing the delta-function terms from
all OBE interactions;

• subtraction-II: selectively removing them only from the
pseudoscalar-meson exchange interaction.

We get numerical solutions of Rϱ, Rς and Rs within
subtraction-I only in the reverse mass order and within
subtraction-II only in the normal mass order. The results using
” = 1.0 GeV in subtraction-I and subtraction-II are present
in Figs. 5 and 6, respectively. The first case was also present
in Ref. [25], while the later case was exclusively uncovered
in that work. More results with different cutoffs ” = 1.2 and
1.4 GeV are present in Appendix C. Basically, the results in
different cutoffs are consistent qualitatively. All the numeri-
cal values of the fitted parameters and the predicted binding
energies are available in Zenodo repository [130].
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TABLE II. Hadron masses and baseline coupling constants [17, 125].
All masses and fω are given in units of GeV, while ω and ωs are
expressed in GeV→1. The present values of g and fω have been
updated based on recent experimental results, leading to differences
compared to those in Ref. [17]. The g1 is take from lattice QCD sim-
ulations [123]. The values of gsls, ωωs, and εεs are used as baseline
parameters, where a rescaling factor can be applied, as specified in
Eq. (6).

mω mε mϑ mϖ mϱ

0.137 0.548 0.775 0.783 0.600

fω g ε ω gs mD mD→

0.130 0.57 0.9 0.56 0.76 1.867 2.009

gv g1 εs ωs ls m!c m!→
c

5.8 0.71 -1.74 3.31 6.2 2.453 2.518

III. FIT THE Pcc̄ SPECTRUM

To determine Rω , Rε, and Rs in Eq. (6), we fit the spectrum
of the Pcc̄(4312), Pcc̄(4440), and Pcc̄(4457) states. Since the
number of parameters matches the number of inputs, this be-
comes a numerical solution problem. To account for the un-
certainties in the Pcc̄ states, we consider three values for each
state: the upper limit, the nominal value, and the lower limit.
Additionally, we impose the constraint that the binding en-
ergy order must remain consistent with the nominal results.
This setup leads to a maximum of 27 possible combinations
of inputs as follows:

!E(Pcc̄(4312)) → {↑0.8,↑7.8,↑8.7} MeV,

!E(Pcc̄(4440)) → {↑16.3,↑20.3,↑25.3} MeV, (12)
!E(Pcc̄(4457)) → {↑1.1,↑5.1,↑6.9} MeV,

!E(Pcc̄(4440)) < !E(Pcc̄(4312)) < !E(Pcc̄(4457)).

The cutoff parameter in the potential is varied from 1.0 GeV
to 1.4 GeV. To align with simple EFT calculations, we do not
consider coupled-channel effects but include only the S-wave
interactions.

A. Interaction without subtraction

We first determine the parameters using the interaction
without subtraction. By varying Rω , Rε, and Rs to search
for solutions for any input in Eq. (12), we find none. During
this process, Rω , Rε, and Rs are constrained to be positive
to ensure the coupling constants align with the quark model
predictions. This result is understandable. As mentioned in
Sec. I, fitting the Pcc̄ spectrum requires a dominant central
interaction and a small spin-dependent interaction to account
for the binding energy splittings. However, we will see that in

the non-subtraction scheme, the one-pion-exchange (OPE) in-
teraction generates a significant spin-dependent contribution,
preventing obtaining the solution.

In general, we decompose the S-wave interaction as

V = V ϑ,ϖ,ϱ

C
+ V ϑ,ϖ

S
+ V ςφ

S
, (13)

where VC and VS are central and spin-dependent interaction,
respectively. The superscripts label the exchanged mesons.
Focusing first on Pcc̄(4312), where the spin-dependent inter-
action is absent, the central interaction arises from ω-, ε-, and
ϑ-exchange (see Table I). Since the ω and ε masses are nearly
identical, the interaction’s sign is determined by ω-exchange,
which has a larger isospin factor. Consequently, the central
interactions from vector meson and scalar meson exchange
are both attractive. Their strengths can be adjusted by varying
Rω or Rs to match the Pcc̄(4312) binding energy. We present
the central potential V ϑ,ϖ,ϱ

C
in Fig. 3 permitting the nominal

binding energy of Pcc̄(4312).
For spin-dependent interactions of ”cD̄→ systems, the sign

of the vector-meson-exchange contribution is also determined
by ω-exchange. In the pseudoscalar-meson-exchange interac-
tion, ϖ-exchange plays a minor role due to its small isospin
factor. In some studies, the ϖ-exchange interaction is ne-
glected, and we find no qualitative changes when doing
so. The dominant contribution comes from the one-pion-
exchange (OPE) interaction, which primarily governs the
spin-dependent pseudoscalar-meson interaction. As shown in
Table I, the spin-dependent OPE and vector-meson-exchange
interactions share the same sign. Figure 3 reveals similar re-
sults,

sign(V ϑ,ϖ

S
) = sign(V ς,φ

S
). (14)

The magnitude of the total spin-dependent interaction VS is
thus lower-bounded by the V ς,φ

S
, whose coupling is fixed. No-

tably, the V ς,φ

S
is comparable to, or even exceeds, the central

interaction V ϑ,ϖ,ϱ

C
in magnitude. This strong spin-dependent

interaction would result in a deeply bound ”cD̄→(1/2) state
and an unbound ”cD̄→(3/2) state, both of which contradict
the target binding energies in Eq. (12).

We can prove the above statement via a simple calculation
based on perturbation theory. We could set V ϑ,ϖ

S
= 0 to check

the result in the limit. Compared the central interaction, we
treat the V ς,φ

S
as a perturbation.

(H0 + VC)|ϱ(0)↓ = E(0)|ϱ(0)↓,
E(1) = E(0) + ↔ϱ(0)|V ς,φ

S
|ϱ(0)↓, (15)

where the zero-order eigenvalue is just the binding energy of
the ”cD̄ system, namely, Pcc̄(4312). In Fig. 4, we plot the
first-order energy of ”cD̄→ systems versus the binding energy
of ”cD̄ system. One can see clearly, due to the strong spin-
dependent interaction, the ”cD̄→(3/2) is unbound whereas
the ”cD̄→(1/2) is a deeply bound state with binding energy
mostly larger than ↑30 MeV. Therefore, we conclude that the
failure to obtain a solution in the non-subtracted interaction
stems from the large spin-dependent interaction in the one-
pion exchange. This issue cannot be resolved by adjusting the

Lower limit of the 𝑉3: 𝑉3
2,1 = 0

6

FIG. 3. The potentials in the coordinate space. V ω,ε,ϑ
C denotes the central potential while V ϖ,ϱ

S and V ω,ε
S denote the spin-dependent interaction

from the respective pseudoscalar-meson and vector-meson exchanges. V i
S,sub is the spin-dependent interaction with the delta term subtracted.

The central interaction is adjusted to get the experimental Pcc̄(4312) binding energy.
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FIG. 4. Binding energy splittings of the !cD̄
→ system within a per-

turbation theory. E(0) denotes the binding energy of !cD̄ while
E(0) + →Vϖ+ϱ↑ is the binding energy of the !cD̄

→ system in a per-
turbation theory.

vector-meson-exchange interaction, as it would only further
enhance the spin-dependent interaction. We also test smaller
pionic coupling constants, g1, as used in Refs. [121, 122],
which is insufficient to resolve this problem.

B. Interaction with subtraction

The above problem that assign Pcc̄(4440) and Pcc̄(4457) as
!cD̄→(1/2) and !cD̄→(3/2), in any mass order, is hindered by
the OPE interaction, were also noted in Refs. [25, 28, 126].
To address this issue, Ref. [28] interprets Pcc̄(4457) as a

”c(2595)D̄ molecular state, while Refs. [25, 126] propose
adjusting the short-range interaction. Specifically, the delta-
function term is removed entirely in Ref. [25], and manu-
ally reduced by about 80% in Ref. [126]. The effect of the
delta-function in OBE were also discussed in Refs. [127–
129]. In Fig. 3, we show the subtracted potential func-
tions for the pseudoscalar-meson-exchange interaction, V ω,ε

S,sub,
and the spin-dependent vector-meson-exchange interaction,
V ϑ,ϖ

S,sub. The strength of V ω,ε

S,sub becomes tiny due to the
quadratic dependence on the small pion mass in the Yukawa
potential, as shown in Eq. (8). Additionally, removing the
delta-function term changes the sign of V ϑ,ϖ

S,sub, as indicated in
Eq. (8). With the softened OPE interaction, the spin splitting
is significantly reduced, resolving the issue.

In fact, alternative solutions exist if one is not concerned
with the specific mechanism of the adjustment. For exam-
ple, instead of removing the entire delta-function term in the
OBE interaction, one could selectively subtract it only from
the OPE contribution or the pseudoscalar-meson exchange in-
teraction. In this work, we test two approaches:

• subtraction-I: removing the delta-function terms from
all OBE interactions;

• subtraction-II: selectively removing them only from the
pseudoscalar-meson exchange interaction.

We get numerical solutions of Rϱ, Rς and Rs within
subtraction-I only in the reverse mass order and within
subtraction-II only in the normal mass order. The results using
” = 1.0 GeV in subtraction-I and subtraction-II are present
in Figs. 5 and 6, respectively. The first case was also present
in Ref. [25], while the later case was exclusively uncovered
in that work. More results with different cutoffs ” = 1.2 and
1.4 GeV are present in Appendix C. Basically, the results in
different cutoffs are consistent qualitatively. All the numeri-
cal values of the fitted parameters and the predicted binding
energies are available in Zenodo repository [130].

The spin-depdent interaction is too strong to 
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→Adjust the short-range interaction

Towards modeling the short-range interactions of hidden/open charm pentaquark molecular states
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The hadronic !(→)
c D̄(→) and !(→)

c D(→) interactions are revisited, with a focus on their short-range parts, moti-
vated by a tension between the interpretations of Pcc̄(4312), Pcc̄(4440), and Pcc̄(4457) in effective field theory
(EFT) frameworks and the one-boson-exchange (OBE) model. While the three states can be interpreted as
!cD̄

(→) molecular states within EFT frameworks, this is not feasible in the single-channel OBE model with
consistent cutoff. In this work, the possibility to reconcile OBE model with EFTs by refitting the ω-, ε- and
ϑ-exchange interaction is explored and ruled out. It is pointed out that the problem in OBE arises from the
strong short-range spin-dependent one-pion-exchange (OPE) interaction and the fixed signs of other short-range
interactions in OBE model also prevent the cancellation. To address this issue, the short-range subtraction strate-
gies within the OBE model are revisited. Two subtraction schemes are explored: removing the delta-function
from all interactions and eliminating it only from the pseudoscalar-meson-exchange component. These schemes
favor different spin assignments for Pcc̄(4440) and Pcc̄(4457). Though solving the problem, there is no clear
dynamical picture to support the subtraction schemes. We propose a new quark-exchange mechanism motivated
by the Pauli principle. Different from the two subtraction schemes in OBE, the quark-exchange mechanism
offers an explanation grounded in microscopic dynamics. It is shown that the spin-dependent quark-exchange
interaction cancels those from OPE. The differences in the predictions for the spin, isospin, and open-charm
partner states of the experimental Pcc̄ states offer a way to distinguish between the subtracted OBE model and
the OBE model with quark-exchange contributions.

I. INTRODUCTION

Over the past two decades, a multitude of exotic hadron
candidates have been observed in experiments, sparking con-
siderable interest and inspiring numerous theoretical efforts
to unravel their underlying nature (see [1–8] for reviews).
Among the various theoretical interpretations proposed, the
hadronic molecule picture has garnered significant attention.
This framework describes exotic hadrons as loosely bound
(or quasi-bound) states of two color-singlet hadrons, analo-
gous to the deuteron in nuclear physics. Identifying hadronic
molecules and distinguishing them from other possible con-
figurations, such as compact multiquark states, is a pivotal
task in understanding the spectrum of exotic hadrons. In
this context, the Tcc(3875)[9, 10] and the three Pcc̄ states
(Pcc̄(4312), Pcc̄(4440) and Pcc̄(4457))[11, 12] are particu-
larly promising candidates for hadronic molecules with the
following compelling features:

• Manifest multiquark nature: The minimal quark content
is ccūd̄ for Tcc(3875) and cc̄uud for Pcc̄ states, placing
them beyond the conventional hadrons;

• Proximity to thresholds: Their masses lie close to the
thresholds of relevant two-hadron systems, Tcc(3875)
for DD→ threshold, Pcc̄(4312) for !cD̄ threshold and
Pcc̄(4440) and Pcc̄(4457) for the !cD̄→ threshold as
shown in Fig 1;

→ lu.meng@rub.de
† lining59@mail.sysu.edu.cn
‡ chenwei29@mail.sysu.edu.cn
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FIG. 1. The experimental Pcc̄ masses with respective to two-hadrons
thresholds (!cD̄ threshold for Pcc̄(4312) and !cD̄

→ threshold for
Pcc̄(4440) and Pcc̄(4457)). The isospin-averaged thresholds are
used. The blue lines and the green shadows represent the nominal
fit and the uncertainties in the LHCb analysis [12].

• Narrow widths: Their narrow widths indicate that they
are likely to be stable particles under the strong interac-
tion once the small coupling to the lower thresholds is
neglected;

• Almost stable constituent hadrons: The narrow widths
of !c, D and D→ justify treating these constituents as
effectively stable particles in theoretical analyses.

In this work, we focus on the Pcc̄ states. Prior to their
experimental observation, theoretical studies had predicted
hidden-charm pentaquark states using meson-exchange mod-
els [13, 14] and the chiral quark model [15]. In 2015, the
LHCb collaboration reported the first observation of pen-
taquark states in the J/ωp invariant mass spectrum from
”0
b
→ J/ωpK↑ decays [11]. This analysis identified a wide
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Stratergy: remove the 𝜹-terms
lRemove the 𝛿"(𝑟) terms 

However, some queries: 
lThe regulator has regularized the singularity, no reason to remove it
lBonn potential: not remove it
lSome ambuigities: 

►Remove for all mesons or just pion
►Remove it or soften it further

lG-paritiy rule: 
►Do the removed part satisfy the G-parity rule?

4

TABLE I. Analytical expressions for !(→)
c D̄(→) interactions derived from OBE in momentum space. The full potential is the product of

Ccoupling , Os,r , and Oiso. The coupling constants ω, gs, g, and ε correspond to the vertices of the !(→)
c systems, while ωs, ls, g1, and εs

are associated with the D̄(→) systems. The sign of Ccoupling is determined by quark models. Expressions for VC , VT , and VTS are provided
in Eq. (4). The Ii denote isospin operators. The !(→)

c D(→) interaction can be derived using the G-parity rule, with the G-parities listed in the
second column. Expressions in coordinate space can be easily obtained via Fourier transformation, see Appendix B.

Mesons G-parity
Coupling Spin-spatial Isospin

Ccoupling sign(Ccoupling) Os,r Oiso I = 1
2 I = 3

2

ϑ +1
→

ωωsg
2
v

2
1 VC

I1 · I2 →1 1
2

ϖ →1 1
2

1
2

1
2

ϱ +1 →lsgs -1 VC 1 1 1

ς →1 gg1
f2
ω

1 VT (s1, s2)
I1 · I2 →1 1

2

φ +1 1
6

1
6

1
6

ϑ +1
→

2
3εεsg

2
v -1 VTS(s1, s2)

I1 · I2 →1 1
2

ϖ →1 1
2

1
2

1
2

0.56, a value also adopted in Refs. [25, 26, 46]. This result
is more reasonable for bottom systems than for charm sys-
tems due to uncertainty of the static heavy quark limit. The
third option is another lattice result based on an axial charge
calculation [123], which extracts g1 → 0.71 for the !c sys-
tem. This value has been used to investigate the scattering
of charmed baryons on nucleons [124]. In this work, we
adopt the third value derived from first-principles calculations.
The remaining coupling constants can only be estimated us-
ing phenomenological models [17, 25]. In this work, we will
not adopt the values from the literature but instead determine
them by fitting the Pcc̄ spectrum. The values from Ref. [17],
presented in Table II, will serve as a baseline. To this end, we
introduce variable scaling factors for the baseline values of the
coupling constants:

ωωs ↑ Rωωωs, lsgs ↑ Rslsgs, εεs ↑ Rεεεs. (6)

It is important to note that while the precise values of these
coupling constants are challenging to determine a priori, the
signs of Ccoupling can be reliably deduced from quark models,
as shown in the fourth column of Table II. Consequently, in
the subsequent fitting procedure, we constrain the signs of the
coupling constants based on the quark model and only seek
solutions for positive values of Rε, Rω , and Rs.

The potential in coordinate space can be readily derived
from its counterpart in momentum space using the following
transformations:

1

u2 + q2
↑ e→ur

4ϑr
, (7)

q2

u2 + q2
= 1↓ u2

u2 + q2
↑ ϖ3(r)↓ u2e→ur

4ϑr
, (8)

qiqj
u2 + q2

↑ ↓e→ur

4ϑr

(
u2

3
+

u

r
+

1

r2

)
Tij

+
1

3

(
ϖ3(r)↓ u2e→ur

4ϑr

)
ϖij , (9)

with

Tij =
3rirj
r2

↓ ϖij , (10)

representing the tensor force term. Two singularities in
the coordinate-space potentials can be readily identified:
the delta-function term and the 1/r3 term in the tensor
force. These singularities arise due to short-range interac-
tions, which lie beyond the valid range of the OBE interaction.
A practical approach to mitigate these contributions from the
high-momentum region is to apply a regulator:

V (q, u) ↑ V (q, u)F 2(u,”, q2),

F (u,”, q2) =
”2 ↓ u2

”2 + q2
, (11)

where F (u,”, q2) is the regulator function. The Fourier
transform of the regulated potential is provided in Ap-
pendix B. After regularization, the coordinate-space poten-
tial no longer exhibits either the delta-function singularity or
the 1/r3 singularity. The regulator in Eq. (11) can effectively
modify the coupling. In principle, independent cutoff parame-
ters could be chosen for different vertices to adjust the interac-
tion. However, since the regulator satisfies F (u,”, q2) < 1,
it can only soften the interaction and cannot enhance it. To
address scenarios where the baseline interaction requires en-
hancement, we introduce an additional factor in Eq. (6) and
apply a uniform cutoff parameter across all vertices.

The !(↑)
c D(↑) interaction within the OBE model can be eas-

ily derived from the !(↑)
c D̄(↑) interaction using the G-parity

rule. The G-parities of the exchanged mesons are provided in
Table I.

Physical reasonable Stratergy: model the short-range interaction 

𝑉 Σ*𝐷(∗) = −1 6()𝑉(Σ*𝐷(∗))

The Lagrangians in the OBE model read,

L ¼ gsTr½HσH̄# þ igaTr½Hγμγ5AμH̄#
þ iβTr½HvμðVμ − ρμÞH̄# þ iλTr½HσμνFμνH̄#

þ gsTr½ ¯̃HσH̃# þ igaTr½ ¯̃Hγμγ5AμH̃#

− iβTr½ ¯̃HvμðVμ − ρμÞH̃# þ iλTr½ ¯̃HσμνFμνH̃#

þ lsTr½S̄μσSμ# þ
3

2
g1εμνλκvκTr½S̄μAνSλ#

þ iβsTr½S̄μvαðVα − ραÞSμ# þ λsTr½S̄μFμνSν#; ðA5Þ

where Fμν ¼ ∂μρν − ∂νρμ − ½ρμ; ρν# represents the field
strength tensor of vector mesons, Vμ and Aμ are the
vector and axial building blocks of pseudoscalar mesons
respectively,

Vμ¼1

2
½ξ†;∂μξ#; Aμ¼1

2
fξ†;∂μξg; ξ¼expðiP=fπÞ: ðA6Þ

The pseudoscalar meson matrix P is defined as

P ¼

2

4
π0ffiffi
2

p þ ηffiffi
6

p πþ

π− − π0ffiffi
2

p þ ηffiffi
6

p

3

5: ðA7Þ

The multiplet of the vector meson fields ρμ is

ρμ ¼ igVffiffiffi
2

p

2

4
ρ0þωffiffi

2
p ρþ

ρ− −ρ0þωffiffi
2

p

3

5
μ

: ðA8Þ

In principle, the isotriplet ρ (π) and the isosinglet ω (η)
belong to different multiplets under the flavor SU(2)
symmetry. However, to reduce the number of coupling
constants, we group them into the same matrix, taking into
account their relationship within the flavor SU(3)
symmetry.

APPENDIX B: FOURIER TRANSFORMATION

The potential in the coordinate space is derived from the
following Fourier transformation,

VðrÞ ¼
Z

d3q
ð2πÞ3

eiq·rVðqÞ: ðB1Þ

For the specific potential in this work, the Fourier trans-
formation reads:

1

u2þq2
Fðu;Λ;q2Þ2→H0ðu;Λ;rÞ;

q2

u2þq2
Fðu;Λ;q2Þ2→−H1ðu;Λ;rÞ;

qiqj
u2þq2

Fðu;Λ;q2Þ2→−
"
H3ðu;Λ;rÞTijþH1ðu;Λ;rÞ

δij
3

#
;

ðB2Þ

where Tij ¼
3rirj
r2 − δij. One can also easily obtain the

transformation for the case where Vðp0; pÞ ¼ ṼðkÞ. The
explicit expressions of H0, H1, and H3 are

H0ðu;Λ; rÞ ¼
u
4π

"
e−ur − e−Λr

ur
−
Λ2 − u2

2uΛ
e−Λr

#
;

H1ðu;Λ; rÞ ¼ ∇2H0ðu;Λ; rÞ

¼ u3

4π

"
e−ur − e−Λr

ur
−
ðΛ2 − u2ÞΛ2

2u3Λ
e−Λr

#
;

H3ðu;Λ; rÞ ¼
1

3
r
∂

∂r
1

r
1

∂r
H0ðu;Λ; rÞ

¼ u3

12π

"
−
e−ΛrΛ2

$
3

Λ2r2 þ
3
Λr þ 1

%

ru3

−
e−ΛrðΛrþ 1ÞðΛ2 − u2Þ

2ru3

þ
e−ur

$
3

r2u2 þ
3
ru þ 1

%

ru

#
: ðB3Þ

Apparently, the regulator smears the delta-function singu-
larity in Eqs. (8) and (9). The 1=r3 singularity in the tensor
force in Eq. (9) is also regulated, rendering for r → 0

H3ðu;Λ; rÞ →
Λ4 þ u4 − 2Λ2u2

96π
rþOðr2Þ: ðB4Þ

APPENDIX C: CUTOFF DEPENDENCE

The mass spectrum of the Σð'Þ
c D̄ð'Þ and Σð'Þ

c Dð'Þ systems
in the OBE model with Λ ¼ 1.2 and 1.4 GeV with two
different subtraction schemes are given in Figs. 9–12.
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The Lagrangians in the OBE model read,

L ¼ gsTr½HσH̄# þ igaTr½Hγμγ5AμH̄#
þ iβTr½HvμðVμ − ρμÞH̄# þ iλTr½HσμνFμνH̄#

þ gsTr½ ¯̃HσH̃# þ igaTr½ ¯̃Hγμγ5AμH̃#

− iβTr½ ¯̃HvμðVμ − ρμÞH̃# þ iλTr½ ¯̃HσμνFμνH̃#

þ lsTr½S̄μσSμ# þ
3

2
g1εμνλκvκTr½S̄μAνSλ#

þ iβsTr½S̄μvαðVα − ραÞSμ# þ λsTr½S̄μFμνSν#; ðA5Þ

where Fμν ¼ ∂μρν − ∂νρμ − ½ρμ; ρν# represents the field
strength tensor of vector mesons, Vμ and Aμ are the
vector and axial building blocks of pseudoscalar mesons
respectively,

Vμ¼1

2
½ξ†;∂μξ#; Aμ¼1

2
fξ†;∂μξg; ξ¼expðiP=fπÞ: ðA6Þ

The pseudoscalar meson matrix P is defined as

P ¼

2

4
π0ffiffi
2

p þ ηffiffi
6

p πþ

π− − π0ffiffi
2

p þ ηffiffi
6

p

3

5: ðA7Þ

The multiplet of the vector meson fields ρμ is

ρμ ¼ igVffiffiffi
2

p

2

4
ρ0þωffiffi

2
p ρþ

ρ− −ρ0þωffiffi
2

p

3

5
μ

: ðA8Þ

In principle, the isotriplet ρ (π) and the isosinglet ω (η)
belong to different multiplets under the flavor SU(2)
symmetry. However, to reduce the number of coupling
constants, we group them into the same matrix, taking into
account their relationship within the flavor SU(3)
symmetry.

APPENDIX B: FOURIER TRANSFORMATION

The potential in the coordinate space is derived from the
following Fourier transformation,

VðrÞ ¼
Z

d3q
ð2πÞ3

eiq·rVðqÞ: ðB1Þ

For the specific potential in this work, the Fourier trans-
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Apparently, the regulator smears the delta-function singu-
larity in Eqs. (8) and (9). The 1=r3 singularity in the tensor
force in Eq. (9) is also regulated, rendering for r → 0

H3ðu;Λ; rÞ →
Λ4 þ u4 − 2Λ2u2
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The mass spectrum of the Σð'Þ
c D̄ð'Þ and Σð'Þ

c Dð'Þ systems
in the OBE model with Λ ¼ 1.2 and 1.4 GeV with two
different subtraction schemes are given in Figs. 9–12.
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The Lagrangians in the OBE model read,
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where Fμν ¼ ∂μρν − ∂νρμ − ½ρμ; ρν# represents the field
strength tensor of vector mesons, Vμ and Aμ are the
vector and axial building blocks of pseudoscalar mesons
respectively,
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The multiplet of the vector meson fields ρμ is
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In principle, the isotriplet ρ (π) and the isosinglet ω (η)
belong to different multiplets under the flavor SU(2)
symmetry. However, to reduce the number of coupling
constants, we group them into the same matrix, taking into
account their relationship within the flavor SU(3)
symmetry.
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explicit expressions of H0, H1, and H3 are

H0ðu;Λ; rÞ ¼
u
4π

"
e−ur − e−Λr

ur
−
Λ2 − u2

2uΛ
e−Λr

#
;

H1ðu;Λ; rÞ ¼ ∇2H0ðu;Λ; rÞ

¼ u3

4π

"
e−ur − e−Λr

ur
−
ðΛ2 − u2ÞΛ2

2u3Λ
e−Λr

#
;

H3ðu;Λ; rÞ ¼
1

3
r
∂

∂r
1

r
1

∂r
H0ðu;Λ; rÞ

¼ u3

12π

"
−
e−ΛrΛ2

$
3

Λ2r2 þ
3
Λr þ 1

%

ru3

−
e−ΛrðΛrþ 1ÞðΛ2 − u2Þ

2ru3

þ
e−ur

$
3

r2u2 þ
3
ru þ 1

%

ru

#
: ðB3Þ

Apparently, the regulator smears the delta-function singu-
larity in Eqs. (8) and (9). The 1=r3 singularity in the tensor
force in Eq. (9) is also regulated, rendering for r → 0

H3ðu;Λ; rÞ →
Λ4 þ u4 − 2Λ2u2

96π
rþOðr2Þ: ðB4Þ

APPENDIX C: CUTOFF DEPENDENCE

The mass spectrum of the Σð'Þ
c D̄ð'Þ and Σð'Þ

c Dð'Þ systems
in the OBE model with Λ ¼ 1.2 and 1.4 GeV with two
different subtraction schemes are given in Figs. 9–12.

TOWARD MODELING THE SHORT-RANGE INTERACTIONS OF … PHYS. REV. D 111, 094015 (2025)

094015-13



28/20/30Lu Meng (孟璐) | Advances in OBE hadronic interactions | 2025.10 @湖南师大 28

Our proposal: quark exchange effect
l Quark exchanged effect were used to model the repulsive core of the nuclear force

l Quark-exchange effect for Σ.
(∗)"𝐷(∗)

l The spin-isospin structure of 𝑉234 is different from the OBE interaction

l Fo the 𝐼 = 5
6
Σ."𝐷(∗) system, 𝑉234 could cancel the spin-depdent interaciton from OPE

10

TABLE III. The coefficients related to the quark exchange chromoelectric interactions in Eqs. (25) and (28).

!cD̄( 12 ) !cD̄
→( 12 ) !cD̄

→( 32 ) !→
cD̄( 32 ) !→

cD̄
→( 12 ) !→

cD̄
→( 32 ) !→

cD̄
→( 52 )

a I = 1
2 →

1
18

1
54 →

5
54 →

1
18

1
27 →

1
54 →

1
9

I = 3
2

1
9 →

1
27

5
27

1
9 →

2
27

1
27

2
9

Aqex I = 1
2 →

4
9

4
27 →

20
27 →

4
9

8
27 →

4
27 →

8
9

I = 3
2

8
9 →

8
27

40
27

8
9 →

16
27

8
27

16
9

The Aeqx is calculated from the discrete matrix elements,
which are given in Table III. We can summarize the operator
form of Aeqx as follows:

Aqex(s1, s2, J, I) =
16

27
(s1 · s2 +

3

2
)(I1 · I2 +

1

2
), (29)

where si are defined in Eq. (5). The final Hamiltonian matrix
elements can be got

→!A|H|!A↑
→!A|!A↑ ↓ ma +mb +

→!|ωV OBE

ab
|!↑+Aqexεv

1 + εω

↓ ma +mb + →!|ωV OBE

ab
|!↑+Aqexεv,

(30)

where →!A|!↑ = 1 + εω with εω being regarded as a small
quantity due to the mismatch of the spatial bra and ket wave
functions. Compared to the framework without the quark ex-
change, the quark exchange effect would give rise to an ad-
ditional interaction term as shown in Eq. (28), from the chro-
moelectric interaction. Since we only focus on the ground
state molecules composed of ground state hadrons, we expect
there is no node point in the spatial wave function. And the
spatial part of chromoelectric interaction, vij ↔ 1/r is also
larger than zero. Therefore, one can expect εv > 0. For the
isospin- 12 , the factor Aeqx is

Aqex(s1, s2, J,
1

2
) = ↗ 8

27
s1 · s2 ↗

4

9
. (31)

We can see the spin-spin part in this quark-exchange inter-
action has different signs from those of the OPE interaction.
Therefore, with the quark-exchange interaction, the problem
in Sec. III A could be solved. The subtraction of the short-
range interaction in Sec. III B could also stem from the quark-
exchange interaction rather than the OBE model.

More intriguingly, as shown in Eq. (29), the quark-
exchange interaction term exhibits a specific spin-isospin
structure that cannot be attributed to any single meson-
exchange interaction. For specific systems (e.g., the I = 1

2
hidden-charm system), the subtraction within the OBE model
can have a similar effect to incorporating the quark-exchange
mechanism. However, when extended to general spin, isospin,
and open-charm partner states, the subtraction scheme and the
quark-exchange model yield distinct differences. For hidden
charm systems, predictions from models combining OBE and
quark-exchange interactions are expected to differ from those
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FIG. 8. The meson-exchange mechanism at the quark level (a) and
the different types of quark exchange interactions (b1)–(b3): (b1)
one-gluon exchange between two exchanged quarks, (b2) one-gluon
exchange between two unexchanged quarks, and (b3) one-gluon ex-
change between an exchanged quark and an unexchanged quark. As
shown in Eqs. (26) and (27), the contributions from (b1) and (b2) are
suppressed compared to (b3) and are therefore neglected.

based solely on OBE. Similarly, for open charm systems, the
quark-exchange mechanism could also play a role, as illus-
trated in Fig. 2 (b2). However, since the exchanged quarks
are heavy, the quark-exchange effect may be suppressed by
their mass, leading to further deviations from pure OBE pre-
dictions. Currently, it is challenging to determine the addi-
tional εv parameter beyond those in OBE. The predictions in
Figs. 5 and 6 provide a useful preparation for future compar-
isons.

One might wonder whether the quark-exchange interac-
tion involving one-gluon exchange overlaps with the meson-
exchange mechanism, given that the exchanged meson could
be interpreted as a quark-antiquark state. As shown in
Fig. 8(a), meson-exchange diagrams can also facilitate quark
interchange between two hadrons. To equate the quark-
antiquark interaction with a meson exchange, the interactions
between them must be iterated to form a mesonic state. The
quark-exchange diagrams involving one-gluon exchange are
presented in Fig. 8(b1)–(b3), illustrating different types of in-
teractions. At first glance, the contribution of (b1), involving
one-gluon exchange between two exchanged quarks, might
appear to be included in the one-meson exchange interaction
depicted in subfigure (a). However, in this work, we argue that
the contributions from (b1) and (b2) are suppressed compared
to (b3), as shown in Eqs. (26) and (27). Only the interaction
involving an exchanged quark and an unexchanged quark (b3)
are kept. It is evident that subfigure (b3) does not overlap with
the one-meson exchange interaction depicted in subfigure (a).

𝑉7!8 𝑠/, 𝑠4, 𝐽, 𝐼 =
16
27

𝒔/ ⋅ 𝒔4 +
3
2

𝑰/ ⋅ 𝑰4 +
1
2
𝛿9

M. Oka and K. Yazaki, Prog. Theor. Phys. 66, 556 (1981).

Meson-exchange Leading quark-exchange effectSubleading quark-exchange effect

𝛿* > 0: given no node from ground state wave functions
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G-parity rule
l𝑉!8 will not follow the G-parity rule

lDiscern the short-range meachnism via Σ*
(∗)𝐷(∗) systems

3

Therefore, we believe this adjustment lacks a clear physical
interpretation. A key advantage of phenomenological mod-
els like the OBE framework is their broader applicability to
other systems. For example, OBE interactions can be ex-
tended to describe open charm pentaquark systems using sim-
ple G-parity rules. However, the adjusted OBE interactions
for hidden-charm systems in Ref. [25] may not reliably apply
to open-charm systems via G-parity rules, as there is no reason
that the subtracted parts also satisfy the G-parities rules. The
subtraction in Ref. [25] is motivated by EFT for hidden-charm
systems, whereas open-charm systems lie far beyond the valid
range of it. Although there has been extensive discussion on
the adjustment of the OPE interaction in the NN force [99–
102] from the perspective of renormalization in EFT, these
studies do not provide clear guidance to establish the interac-
tion in the NN̄ system. In fact, EFTs are blind to the spe-
cific mechanism of the short-range interaction. Therefore, to
set up a framework that remains valid for both hidden-charm
and open-charm systems, it is necessary not only to match the
short-range interactions to EFT in the hidden-charm sector,
but also to interpret and implement these adjustments through
a physically reasonable mechanism.

In this work, we first determine the coupling constants in
the OBE model by fitting the Pcc̄ experimental spectrum to
identify the tension between the OBE model and EFT re-
sults. Additionally, we demonstrate that there are multiple
ways to modify the short-range interactions to reconcile the
OBE model with EFT results. Notably, we find that different
adjustments favor different mass orderings for the two !cD̄→

states. Furthermore, we propose that the adjustments to the
short-range interactions in OBE model may originate from
quark exchange interactions, driven by the antisymmetry re-
quirement for identical quarks. While the current data do not
allow us to fully determine the effects of quark exchange in-
teractions, we suggest that the spectrum of open-charm sys-
tems could help distinguish the short-range interactions aris-
ing from meson exchanges and those from quark exchange
effects. To this end, we provide predictions based on a pure
meson-exchange model, paving the way for future compar-
isons with quark exchange models when sufficient experimen-
tal data become available.

The work is organized as follows. In Sec. II, the analyt-
ical form of the OBE interaction is presented. In Sec. III,
the OBE parameters are determined by fitting the Pcc̄ spec-
trum, and predictions for their HQSS partners, isospin-spin
partners, and open charm partners are provided. In Sec. IV,
the quark exchange mechanism of the short-range interaction
is proposed. Finally, a brief conclusion is given in Sec. V.

II. ONE-BOSON-EXCHANGE INTERACTION

Notably, the OBE model has achieved significant success
in elucidating heavy-flavor hadronic molecules [103–114]. In
this work, the exchanges of ω, ε, ϑ, ϖ, and ϱ mesons between
!(→)

c and D̄→ are considered, as illustrated in Fig. 2(a). The
Lagrangians used in this work are shown in Appendix A. The
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FIG. 2. Diagrams illustrating the OBE interaction and quark ex-
change interaction for the !(→)

c D̄(→) and !(→)
c D(→) systems. Thick

and thin lines represent heavy and light quarks, respectively, with ar-
rows indicating particles and antiparticles.

analytical expression for the potential in momentum space can
be expressed as

V = Ccoupling →Os,r →Oiso, (2)

where Ccoupling, Os,r, and Oiso represent the coupling con-
stants, spin-spatial components, and isospin operators, respec-
tively. Detailed expressions for these components are pro-
vided in Table I. Three potential functions in the spin-spatial
space are defined as follows:

VC =
1

u2 + q2
, VT = ↑ (q · s1)(q · s2)

u2 + q2
, (3)

VTS = ↑ (q · s1)(q · s2)
u2 + q2

+
q2

u2 + q2
s1 · s2, (4)

where u represents the mass of the exchanged meson. The
operator si depends on the particle type and is defined as:

si =






ω for !c,

Srs for !→
c
,

Sv for D→,

(5)

where Srs and Sv are the spin operators for spin- 32 and spin-1
particles, respectively, while ω represent the Pauli matrices,
corresponding to twice the spin operator for spin- 12 particles.
The central interaction arises from vector and scalar meson
exchange, while spin-dependent interactions are contributed
by vector and pseudoscalar meson exchange. For S-wave sys-
tems, the replacement (q · s1)(q · s2) ↓ (s1 · s2)q2/3 can be
applied.

In Table I, the coupling constants ς, gs, g, and φ cor-
respond to the vertices of the D̄(→) mesons, while ςs, ls,
g1, and φs are associated with the !(→)

c baryons. It should
be noted that HQSS has been employed to unify the cou-
pling constants of !c and !→

c
as well as D̄ and D̄→. Among

these coupling constants, only g for the D̄(→)D̄(→)ω vertex
can be extracted from the decay process D→ ↓ Dω. For
!(→)

c !(→)
c ω coupling g1, there are three main choices in the

literature. In Refs. [17, 19, 63, 83, 115–120], g1 is taken as
g1 = 0.92↑ 0.98, where the !c!cω vertices are related to the
!(→)

c ↓ ”cω process via quark models. In Refs. [121, 122],
lattice calculations in the static heavy quark limit yield g1 ↔
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Summary
l P-wave 𝐷𝐷∗ and "𝐷∗𝐷/"𝐷𝐷∗

►centrifugal barrier for 𝑙>0 help form the shape resonance
►High-partial wave dynamics sensitive to the long-range interaction
►𝐺(3900) and related predictions

l𝑫𝑫𝑫∗ bound state and 𝒁𝒄(𝟑𝟗𝟎𝟎)
►Uncerntaity of the coupling constants in OBE
►Discrepancy of 𝜎-exchange coupling constants
►𝐷𝐷𝐷∗ bind or not and 𝑍. 3900 pole position remain uncertain
►𝑫𝑫𝑫∗ bound state and 𝒁𝒄(𝟑𝟗𝟎𝟎) pole position are closely related
►Data sets systematically taking into account the uncertainty from the cutoff

l Short-range interaction of 𝑷𝒄8𝒄
►Spin-depdent part is too strong to fit the ex. spin splitting of binding energies
►Adjust the short-range interaction: quark-exchange model
►Different implications from the OBE in open charm systems 

l General lessons I learned for model calculation: 
►Use models to test even the wildest ideas
►Be cautious when drawing conclusions
►Focus on qualitative picture, not decimal precision

Thanks for 
your attention!
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lCuoff-depedence? Regulator depedence?
lCoupling constants?
lShort-range interaction
lSigma mass why not physical one? 
lWidth of the exchanged mesons

lAnnihilation effect?
lCoupled channel effect
lRecoiling effect
lRelativistic effect?
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Our fit in the K-matrix formalism

34

lRepair the three defects
lOur refit results

►𝜒4/dof = 2.07
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Our fit in the K-matrix formalism

35

Extra poles
3869.2(67) − 𝑖29.0(52)

𝜓(3770)

𝜓 4040
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FIG. 2. The coordinate space potentials in the isospin limit for the systems corresponding to the X(3872), Tcc(3875), and Zc(3900) states.
The parameter ! is set to 1.20 GeV, with Rω , Rε, and Rs fixed at 1.

TABLE III. Isospin factor for DD̄→/D̄D→ and DD→ systems. The “diag.” and “off.” are the diagonal and off-diagonal matrix element in the
isospin violating scenario.

DD→ DD̄→/D̄D→, C = +1 DD̄→/D̄D→, C = →1

↑Oiso↓ diag. off. I = 0 I = 1 diag. off. I = 0 I = 1 diag. off. I = 0 I = 1

V D
ϑ

1
2 →1 3

2 →
1
2

1
2 1 3

2 →
1
2

1
2 1 3

2 →
1
2

V D
ϖ →

1
2 0 →

1
2 →

1
2

1
2 0 1

2
1
2

1
2 0 1

2
1
2

V D
ϱ 1 0 1 1 1 0 1 1 1 0 1 1

V C
ς →1 1

2 →
3
2 →

1
2 →

1
2 →1 →

3
2

1
2

1
2 1 3

2 →
1
2

V C
φ 0 →

1
6

1
6 →

1
6 →

1
6 0 →

1
6 →

1
6

1
6 0 1

6
1
6

V C
ϑ 1 →

1
2

3
2

1
2 →

1
2 →1 →

3
2

1
2

1
2 1 3

2 →
1
2

V C
ϖ 0 1

2 →
1
2

1
2 →

1
2 0 →

1
2 →

1
2

1
2 0 1

2
1
2

B. Fix the parameters

Even though one set of parameters for the OBE potential
(model-I) is provided in Table II, the model dependence and
uncertainties associated with these parameters have not been
seriously evaluated. Notably, the coupling constants reported
in the literature exhibit significant variation [20, 53, 54, 84,
107]. As shown in Table I, the strength of the ω-exchange
potential in model-II [84] are almost 20 times larger than that
in model-I [53, 54]. Consequently, the interaction of model-
II predicts a bound DDD

→ state [65], whereas calculations
using the interaction of model-I yield an unbound result (see
Sec. III). Additionally, uncertainties arising from cutoff de-
pendence remain largely unaddressed. A compromise ap-
proach is to fix the coupling constants and vary the cutoff
within a reasonably assumed range to examine the changes
in predictions. This leads to the fact that many theoretical
predictions based on the OBE model are highly sensitive to

the cutoff. In fact, during the determination of nuclear forces
using the OBE model, the coupling constants themselves are
cutoff-dependent. Only when the cutoff associated with the
coupling constants is explicitly specified does the OBE model
possess genuine predictive power.

In this work, we propose using the pole positions
of X(3872), Tcc(3875), and Zc(3900) to determine the
three independent coupling constants in the OBE mod-
els—equivalently, the parameters Rω, Rε , and Rs in Eq. (7).
Recent refined analyses of the line shapes by LHCb [115]
and BESIII [116] suggest that the pole of X(3872) is lo-
cated on the physical sheet of the D

0
D̄

→0
/D̄

0
D

→0 channel.
This implies that X(3872) is likely a loosely bound state of
DD̄

→
/D̄D

→, assuming the effects of other coupled channels
such as DD̄ε, DD̄ϑ, J/ϖεε, and J/ϖεεε are negligible.
The decay fractions of the final states J/ϖεε and J/ϖεεε

are both less than 5%, making it reasonable to assume that the
coupled-channel effects from these hidden charm channels are
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Isospin violation effect

8

FIG. 3. The coupling constants for the scalar- and vector-meson-exchange interactions determined by the pole positions of X(3872),
Tcc(3875), and Zc(3900), as specified in Eq. (13). The ratios Rω , Rε, and Rs are defined relative to the baseline values, as detailed in
Eq. (7) and Table II. Variations at the same Zc pole position arise from different fitting parameters for the Tcc(3875) and X(3872) pole
positions.
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FIG. 4. Comparison of the pole positions of Tcc(3875) and X(3872) in isospin-violating scenario and the isospin limit scenario.
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Nuclear force in ChEFT Chiral expansion of nuclear forces
Zwei-Nukleon-Kraft Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

Chiral dynamics:  Long-range interactions are predicted in terms of on-shell amplitudes
Short-range few-N interactions are tuned to experimental data

LO:

NLO:

N2LO:

N3LO:

N4LO:

Phenomenologial 
nucear force

Chiral nucear force


