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From QCD to nuclei and neutron stars
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From QCD to nuclei and neutron stars

QCD: Locp =) a5(iF — Mgy) — ZGZVGWG n : 1 |
f ‘ N
(LE
Phenomenological
model ) Ll % s EE
) T
. gluon quark
Chiral effective  mmmm) == === A Lattice QCD

field theory Nuclear force

' To extract observables in
lthe infinite volume (IFV)
|from a FV calculation??

nucleus neutron star
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Hadronic molecule

. 1 a v,a - : ‘ =
QCD: ﬁQCD = Z(jf(zﬂ— ./\/qu) — ZG'WGM ’
f

Phenomenological

model —>
Chiral effective  mmmm)

field theory

gluon quark

Lattice QCD

' To extract observables in
hadronic molecule Ithe infinite volume (IFV)
LHCb:2015yax |from a FV calculation??
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Potential methods
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® Raw data: Nambu-Bethe-SaIpeter wave function (N BS WFS) Ishii:2006ec, Aoki:2009ji,Aocki: 2012tk
® Get observables AKA: HALQCD (Hadrons to atomic nuclei from LQCD) method

NBS WFs | _'4 Potential L2 Observables

» Often criticized for uncontrolled systematics
» Potentials cannot determined by the observables (phase shifts etc)

My talk in PKU
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Energy level method

Luscher:1990ux

AKA: Liischer |

® Get observables: Luscher's formula method :p = ZT”n

» EFV~S§(EFY) ®®|

Ef I
E>(L) y Z
— > —
S0
—Fy(L)

® Requirement: larger box and short interaction % > R [Non-interaction

® Raw data: finite volume energy levels EfY

® Derivation example of Lischer's formula
» The (V2+k?)y(r) =0 for r > R

i8(k) g
» Asymptotic behavior: ¥, (1) ~ = Smk[f’””s(")]
» 1-D example
Q Interaction Freeregion |
I
Y (x)~sin(kx + 6(k))

» Quantization condition: sin(kL + §(k)) = 0 = kL + (k) = nw
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Energy level method

Luscher:1990ux

AKA: Liischer |

® Get observables: Luscher's formula method :p = ZT”n

» EFV~S§(EFY) ®®|

Ef I
E>(L) y Z
— > —
S0
—Fy(L)

® Requirement: larger box and short interaction % > R [Non-interaction

® Raw data: finite volume energy levels EfY

® Derivation example of Lischer's formula
» The (V2+k?)y(r) =0 for r > R

i16(k);
» Asymptotic behavior: (1) ~ = Slnk[f”‘s(k)]
» 1-D example
Q Interaction Freeregion |
L
Y (x)~sin(kx + 6(k)) Long-range interaction
» Quantization condition: sin(kL + §(k)) = 0 = kL + (k) = nw and small box???
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Luscher formula

® K-matrix: S, = 1+ 2iT;, Ky ' =T +i
» Unitarity: STS =1,0rS =e?9t, or TIT =TTt =ImT
T 1 =cotd; —i
» K ! = cot §, is the real part of T; ¢

® | {ischer formula » AKA: Luscher quantization
Gr(L,k) —K; " (k) =0 conditions (LQCs)
For S-wave kinematlic term; K matrix in the IFV
Real object
6r (L) = ——Zoo(L 1), Zoo(s,my0) = — .
F\L,K) =3 4oo\ 1, Ny ), 00\S, Nk =_Z 2 2
Tl'ink V 41 nez3 (n nk)s
- 2
Input Epv, Output 6l(EFV) Tnnk _ k, EFV _ 2\/7?12—4‘](2

® Two drawbacks
» Exponentially suppressed effect
Left-hand cut problem
» Partial wave mixing effect: cubic box
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Exponentially suppressed effect

® Poisson summation formula

1 d3q d3q L7
5 X 0= [ okt X [ gl

q=2mii/L fi#£0,7 €23
—-mLn .
»Egf(G) = miqz, the second term: —— Exponentially suppressed

® Long-range interaction: one-pion exchange interaction

Non-interaction

® Discrepancy of the Luscher's formula

» Exponentially suppressed effect: e "l
» Requirement: % > R, typically m;L >3 = L > 4.3 fm
» A practical box size: 2—4 fm See Bo-Lun’s talk

® A special exponentially suppressed effect: left-hand cut problem
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Left-hand cut problems

® L eft-hand cut (Ihc) from the one-pion exchange interaction

PR Left-hand cut V(p,p') = (7 — ﬁ)12 T m2

® Partial wave decomposition, e,g. S-wave

N [ 1 _ 1 (p—p)? +m?
Vicolni?) = /_1 dzp2 +p2—2ppztm? 2y . <(p +p')? + mz)
® On-shellp =p’' =k, k? = 2uE
! 1
Vico(k, k) = /_1 dz2l<:2(1 — 2) + m?
2k%(1 2 () m g 2 _m°
onLshdibmn =072 =g T Sl<Ea<l= k<
. 2 mz
» Branch point: k“ < —
® K-matrix det [GFY(L,E) — K(E)]# 0 2
K=V +VGPK real ImK¢0forp2<—mT
» The imaginary part arises Qualitative discrepancy
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Left-hand cut problems

Green:2021qol Padmanath:2022cvl
m,; = mg = 420 MeV m, = 280 MeV m, = 137 MeV
\*{ 1.05 -
1 [ v v ¥ \~ ¥ -
40} ", ) NN N
1.04 - : . o
| ", *. A
1.03 - 201 o h""--.
:
L 5 02 - 0 mmmm-
S & lhe _.-=" The JPPET Rl
U:IJ 'J .’
1.01 A -20f ¢ R
!" f’
bD* ! '* ':
SR S——— 4011 spin-singlet, Af s spin-triplet, T}
T{(0) 3 4 5 6 7 8 3 4 5 6 7 8
| | . 0.99 4 _ |
20 25 3.0 > 1 L [fm] L [fm]
H-dibaryons (udsuds) DD* (T,.) NN systems

L > 8 fm to get rid of the Ihc problem
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Left-hand cut problem

Finite-volume scattering on the left-hand cut

Curia I, WH25W

Breakdown of Luscher Formalism near Left Hand Cuts

Lattice 2023 https://indico.fnal.gov/event/57249/

Andre Baiao Raposo &
13:30- 1350

Md Habib E Islam &

Curia Il, WH25W 13:50 - 14:10
Resolving the left-hand-cut problem in lattice studies of the doubly-charmed tetraquark Steve Sharnpe @‘-f}
Cuvia If, WH25W 14:10 - 14:30

Finite-volume scattering on the left-hand cut

André Baido Raposo, Maxwell T. Hansen
MNov 30, 2023

59 pages
e-Print: 2311.18793 [hep-lat]

Modified Liischer QCs

framework and toy models

Dec 4, 2023

13 pages
e-Print: 2312.01930 [hep-lat]

Solving the left-hand cut problem in lattice QCD: T,I(E':B?'E})"' from finite volume energy levels

Lu Meng, Vadim Baru, Evgeny Epelbaum, Arseniy A. Filin, Ashot M. Gasparyan

EFTin FV

Application In Tcc

Liischer equation with long-range forces

Feb 20, 2024

28 pages

Published in: JHEP 05 (2024) 168
Published: May 14, 2024

e-Print: 240212985 [hep-lat]

Rishabh Bubna (Bonn U, and Bonn U, HISKP), Hans-Wermer Hammer (Darmstadt, Tech. U. and Darmstadt, EMWI and FAIR, Darmstadt), Fabian Miiller (Bonn L. and Bonn U,
HISKP), Jin-¥i Pang (Shanghai U. 5ci. Tech.), Akala Rusetsky (Bonn U, and Bonn U., HISKP and Thilisi State U) Show All(E)
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Quantization of momentum

® Boundary conditions in the cubic box

¢(X17X2) = TP(X1 +mn;L, x5 + IlzL) P=7"

2 2 |..L

p1+p2:P7 D1 = —n, P:_da nadEZ?) J_____

L L 7 L
» 2-body rest systems: d = (0,0,0) L2 L
. . Periodic boundary
® The rotation symmetry is broken: SO(3) — 0y, condition

» {l[, m} are not good quantum numbers to label states
» Partial wave mixing, forl # l'and m # m’,
(Im[H*V |[I'm) £ 0
» The FV energy should be classified by irreducible representations (irreps.) of 0,
{l,m} = {Ay, Ay, B, T, To}

® Moving system in the box P = ZT”d + 0

» Other point groups, D4y, D,y ...
» If my +# m,, space inversion invariance is broken; states with different parities could mix
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Luscher's formula: partial wave mixing effect

® Expanding it in partial wave (PW) basis
det[GF — K_l] =0,= det[Ml/m/,lm — 01170y COY 5[] =0

» Determinate equation of a matrix with infinite dimensions.
» Truncate at some [«

T,
® Reduce to irreps. I; of point group:: det [Ml(nl o — Opp7 Oy cot 511 =0
® Example I' = A7, w;,,, depends on E but independent on V
Woo —\/ngo
det [Mlgliz’ 81178, cot 51] =0, M(Af,d) — —\/5w20 wWoo + 1—70w20 + %mo

Bernard:2008ax

® Truncate at [,,,,,, = 0, one-to-one relation: §,(EfY) ~ EfV

® Truncate at [,,,4,,, > 0, no one-to-one relation
»E.g. {E{", E;"} # {8s(Er"), 65(E3"), 8p(Ef"), 6p(E5 ") ... }
» One has to parameterize the K-matrix: e.g. effective range expansions (ERE)

Luscher:1990ux,Rummukainen:1995vs,Feng:2004ua,Kim:2005gf,Fu:2011xz,Polejaeva:2012ut,Leskovec:2012gb,Gockeler:2012yj, ...
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Requirements of a practical Luscher method

A —
E EZ(L) det [GF]'—K] =0
FV
v energy s IFV Kematix
Ei(L)  @De effect can be neglected ;
Eo(L) ! @ Considering the PW mixing effect :
@ EFV well above Ihc 5
-------------------------------------------------------------- | @ERE works
Du:2023hlu
Non-interaction 1 1
kcot6(k) = —+=rk?* +

a 2
. High partial wave suppression

L > Threshold effect: T;(p) ~ p?*
» Thelarge scaleem, Left-hand cut

T

= - -

Requirement: % > R
Typically: m;L > 3 Taylor’s textbook P197

All four requirements constrained by the V.
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Our strategy



Solving the Ihc problem

® Our strategy: solve the Schrodlnger Eq. to get the bound state solutions

|
|
- / o |
1/)( ) +f 2m)? ovfgﬂe”)]}gr(gl 0 ) | o®
» Works well even for ZuE < —mT Py
» In the finite volume:
[ d°p LA Z Ery are “bound states”
(2m)?  L? - trapped by the potential well

» Include the OPE explicitly
» Plane wave basis with discrete momentum: cubic group symmetry

Chiral EFT Infinite volume
| Y - D D 2 — Phase shifts
EFV ______ V = ‘\’f + >< + ... — ERE parameters
R A 5 px — Pole positions

D* D D
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Chiral EFT

V(ﬁlaﬁ) — Vcontact + V17r + V27r

® Derived in the momentum space, E-independent

= 40

® Semilocal momentum-space regularization g
Reinert:2017ust

O Gross & Stadler

- —— — 2 9 : : :
— _ 9ga 01402 "¢ > - _atmy 150 Fag s Nyveoen
Vlﬂ- (p 9 m - < —I_ C(mﬂ')o-]_ * 0-2 e A2 100 1 A Granada

® Low energy constants (LECs) for short-range
interaction (contact interaction)

» fitting lattice QCD data

30
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Our formalism: plane wave basis expansion

® |p,.. 1): p, discrete momentum, n: polarization vector for § = 1

D(9)lp,n) = lgp, gn), Plp,n) = |-, ) (P, 0| D(9) Py 1) = S (0T - gm)

® {|p,,,m)} form the representation space of corresponding point group

® For non-relativistic systems, Lippmann-Schwinger equation (LSE)
» matrix equation T =V + VGT
» Finite volume levels = Eigenvalue problem

det (G™' = V) =0 — det (H-ET) = 0,

» Reduce the H according to irreducible representations (irreps) of the point group
H= dlag{le ,Hpj,...} = Hpv = Erv

® For moving systems, elongated boxes, particles with arbitrary spin...
® dim of the Hi: cubic function

| Ay )’
dim ~ (%‘;‘2) ~ O(1000), Ayy ~ 4GeV

Similar approaches: Momentum lattice (Doring:2011ip), Hamiltonian EFT(\Wu:2014vma, Liu:2015ktc)...
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Towards a practical approach: eigenvector continuation

. . ) i Frame:2017fah,Demol:2019yjt,
® Plane wave basis+Eigenvector continuation Furnstahl:2020abp,Yapa:2022nnv

» Eigenvector continuation (EC) with subspace learning >

® To fit or quantify uncertainty: solve eigenvalue problem with different

{Ci}repeatedly 110
® EC basis: eigenvectors from a selection of parameter sets {c;},, . EC-points
s . VO A Training points
{c;}, ,... (training point) |
® Naturalness of LEC in EFT ( ~ 1 ) makes the EC more reliable 5 109
o : = 1.04
® dim is linear function F :
B0 _ D o . = 1.02
im™ = % ~ 0(10),  pmaz =~ 0.6 GeV f
2m/L 10, 1.00/ ]
® The subspace learning is the one-time cost _ ogphl . IO E=20Tn
® Make the calculation fast and accurate = o1 é
N i ]
® Easy-to-use interface : no need to know the detail of ChEFT EZ 0 ;
£ 01 ’
H7C = H{C + ¢, VPY, Hv = Ev =

ot ]
0.98 1.00 1.02 1.04 1.06 1.08 1.1

Exact
B /Epp~
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Benchmark: contact interaction

® Contact interaction: V(p,p') = Cs + C,q? + C,k?
® Only contribute to S-wave and P-wave

150

IFV I | SAVAN

100}
PLW i
50/

EFV

Phase Shift [deg]
(=}

0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Lab. Energy [GeV]
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Benchmark: chiral EFT

® ChEFT nuclear force: NNLO

® S5=0, d = (0,0,0), even parity

® QCs with partial mixing effect

®| ={3.0,3.1,3.3,3.5,4.0,4.5,5.0,
6.0,7.0,8.0} fm

IFV _Y 5

2V

EFV

Elab [GGV]

® The discrepancy
» Small box
» Small /.« truncation

0.3

0.21

0.1

0.0

Jmax =4

W g =2

- -
==
-

............................

3 4 5 6 7
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Benchmark: chiral EFT

® ChEFT nuclear force: NNLO

® S5=1, d=(0,0,1), odd parity
® QCs with partial mixing effect
®| ={3.0,3.1,3.3,3.5,4.0,4.5,5.0,

6.0,7.0,8.0} fm
IFV _Y 5
3
PLW )
5
EFV
® The discrepancy

» Small box
» Small /.« truncation

Jmax =4

0.3

0.2¢

0.1

0.0

. Jmax =3

’ Jmax - 2 . Jmax = ]_

3 4 5 6 7
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T..(3875)" state

® 7..(3875)* was observed in 3-body final states: D°DOr* LHCb Collaboration
® \Very close to DYD** thresholds: &my, ~ —360keV, I ~ 48 keV
® Exotic hadrons: minimal quark content: ccud

]
S

v F o £ 40— .
. — - Lo =~ 3s5F 4
® Good candidates of D°D** molecule % 60F - LHCb 27 BE
< 60 1 = 30 1
S C 1 9fb S o3 EE
- o < 20b =
% 50:— ] 2 1]
= . o 10F .
San M. ARE
- 4 oan g age
30) :_ ! E g‘;"; k—> DODd“T:"' Mo Do+ [GeV/e?] _:
L i_ totalg0 E
200 T b0 tneo N
T AE
- | mpe pe ek o FH
e - HAT T T T
0 | I_ | | I 1 | 1 | |T 1 TI | | :

® 3-body dynamics could be important

(8]
o0 [T1
~J
W
@e]
oo
(Y]
[e’s)
O
(Y]
O

—5.6 =54 T, 0.3 1.7 4.1
I cc\

00, + 1O+ *+n0 n*0n+ p+p+— Energy (MeV)
DD n™ DD nm D**D” D*DT D"D™m

LHCb:2021vvq, LHCDb:2021auc, Du:2021zzh, Meng:2021jnw...
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T.. lattice QCD simulations

Padmanath:2022cvl
®LQCD: m, = 280 MeV, mp = 1927 MeV, mp- = 2049 MeV, L = 2.07,2.76 fm, a = 0.086fm

® Some quick estimations @e‘mLeffectcanbe neglected
> mig = m2 — (mpr —mp)? > 0,/Meg ~ 252 MeV . @ Considering the PW mixing effect :
> Meiil = 2.6,3.5 ©F" wellabovelhc
> Dh. X — (mzeff)z = —(126 MeV)Z% @ERE works in IFV  Du:2023hlu

> Dines = 2Upp(2mp + my —mp —mp+) = (560 MeV)?

0.2 ' ! P p- i p P
| |
Q lhc | | fp’ +p
LLC|) 0.1 | I’hC3 D 1 D* ,
o I [
S b
3 00 % 1 _ -1 - -1
s v —&— Ni=32 k2-mZ+ie  kZ+mZ—kZ—ie  kZ+m?Z. —ie
o —o— N, =24 :
-0.1+ [ : | . | -
—0.008 —0.004 0.000 0.004 0.008 0.012 Other lattice results: cheung:2017tnt, Junnarkar:2018twb,
(p/EDD* )2 Chen:2022vpo, Lyu:2023xro
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Lattice FV energy levels

: 1.0
® Green and blue points \ Sp .. 1 38,.3P.3D,. 1 35, %P, 3D,

3Sl7 3D17"' 1
as input _ '
1.04 |

® 9 inputs in total

Highest input: p = 0.56 GeV
® relativistic effect
® |arge cutoff A > 0.7

Overlap with $
noninteracting energy - T 1 1
levels: cot 0 = oo; Z 777(0) I A7 (0) I As(1) I As(4)
0.99 - o —— ——— -
: : : 2.07 2.76 2.07 2.76 2.07 2.76 2.07 2.76
Singular in pcot § figures

L[fm]
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Relativistic formalism

® The energy levels of A7 (0) is high, relativistic formalism

d3q 1 (w1 —|—w2)
T(p,p') = / — L
(p,p) V(p,p)+/ (27T)3V(p,q)QwW2 P (w; T ) e

wiz\/mf—l—qz t\

® Replace integral into summationtoget T=V + JV.G.T

d3q d3(]boa: 1
/(%)3 “7/ (2m)? %j;ﬁ

J: is the Jacobian determinant of the Lorentz boost

Li:2021mob

® Get the poles

det (H-AI) = 0 — Ho = \v,
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Interaction: ChEFT

® Contact terms to NLO

q=p —p,
o, | o, 0, 0, 0, O, Al
el e qze'i-e 4k%e € |dk-€Tk-€ q-e'iq-e (E'TXE)-(QXZk) 2
05 =0,
035 =0,+ 0,
6)331_3D1=—€J2—O3+304+305
03, =—(0,— 05)+ 0,
03, =—3(0;,— 0,)+3(0,— 05)+30,
03, =—3(0,- 0,)—1(0,- 05)-50,

2

® In present calculation: LO and NLO 3S; contact terms, NLO °P,
» 3S,- 3D, transition term and 3P, are included to estimate the systemic uncertainties

p"+p™

® Separable regulator: e A ,n = 24,6
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One-pion-exchange interaction

® Pion propagator: static approximation P —p~ ! p P
I
o 22 (M 29 | Vi _ o
D~ —k*—|m2 — (Mp~ — Mp)*| + ie Ik—p +Pp

D ! D*

® Semilocal momentum-space regularization P P

2 LY 2 42
V(k) - J hoek e + Cfsubel>|< €| e 1—2

AR | k2 4+ 2

A(A? —2u?) + 2ﬁu3ex_26rfc(%)
3A3

Csub - -

» The regulator will not change the long-range behavior
» The short-range part of OPE is subtracted: V...(r =0) =0 Reinert:2017usi
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F,and g

® I, and gp+p, at m,; = 280 MeV are determined by lattice QCD data, physical values by either
linear extrapolation or chiral extrapolation

® F,, =92.1 MeV, F, =85 MeV, chiral extrapolation, ¢ = m/mPh
Ji )2
el = 2 1 (1 ) € ) - eton
® Three extrapolations give the consistent results
» The g is slightly smaller than the value in Ref. [Du:2023hiu]

»g =0.517 + 0.015 for a = 0.086 fm

Du:2023hlu,Becirevic:2012pf

07! a [107° fm]
- [—98—85—67
- [—54—0--86.36

0.6}

0.5¢

ChPT-I ChPT-II

Linear

x?/dof = 8.0/11 x?/dof = 8.4/11 x?/dof = 16.0/11
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A = 0.9 GeV, only contact terms

® Results using Luscher's QCs  Padmanath:2022cvl
3
x?/dof=37/5, E '\ = —9.953% MeV
asg =1.04(29)fm, rsg = 0.96I75fm

asp = 0.076Xg006fm>, 73, = 6.9(2.1)fm™"

® Our results

0.006

0 203 A =0.9 GeV, x?/dof = 5.52/6 a = 0.028 & 0.004 fm®
Uil a = 1.089 £ 0.353 fm, r = 0.749 £ 0.137 fm 0.005 r = —4.330 £ 0.053 fm "'
I AFE = —10.60 &+ 4.37MeV h
0.15 1 [
i 0.004 |
A . 102 *S ; h :
Q . 1 T i C:
S Eﬂ\\ 0.003:- '
S ' 1 = : :
T 009 Z 0.002f .
O ) i 1
& MQ. i 1
0.00 - 0.001} : /
_ o © LQCs —— Fit 1-Re [ .
-0.05¢ e LOCs+ERE S ] 0.000¢t -
i N . 3 — s+ ——Fit 1-Im| 1 ; . 3
010:‘7’(01)' L L L : Sl. ) ) | ) ) ) ) | ) ) ) ) | : 0001: L .(bl) L L L : .PO L 1 L L L L 1 P L L 1 L L L L]
' -0.005 0.000 0.005 0.010 0.015 ' -0.005 0.000 0.005 0.010 0.015 0.020
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A = 0.9 GeV, contact terms+OPE

® Results using Luscher's QCs  Padmanath:2023cv!

351

2 _ — _qgQqt36 :
x“/dof=3.7/5, EpOle = —9.9752 MeV U
— _ 0.18 N “r.
asg =1.04(29)fm,  rsg = 0.96Xg35fm A\ AN
asp = 0.076Xg006fm>, 73, = 6.9(2.1)fm™" e e
® Our results two virtual states ~~ Resonance
Reg,g&ance with 85% probability within the 10 uncertainty
000! A = 0.9 GeV, x2/dof = 2.95/6 o : a = 0.497 + 0.007 fm®
“UHa=1.464 £ 0.570 fm, r = 0.096 £ 0.529 fm 00051 : r=5.629+ 0.190 fm !
| 0m = —6.6(£1.5) — i4.0(£3.8) MeV : ;
0.15 [ :
: 0.004} : ;
A l S ; :
S 0.10 1 =9 I lhc: (O
S g i 0.003} , :
< 0.05} 1< i : y ]
g : 5 0002} L | A
= i ", i 1
0.00¢ - 0.001} ! :
_ © LQCs —— Fit 2-Re [ : /J’
~0.05F ] 0.000¢ —
- 3o ——LQCs+ERE ——Fit 2-Im)| - — 3
L Sl | i (d) ' PO i
_010 . . 1 . . . . ) | | 1 | | | | 1 | | | | 1 _0001 PSS ST S | P A O S T Y S S ST SN N ST ST S
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Energy levels from the best fit

1.0
R 3317 3D17 ] 3P07 3517 3P07 3D17 3517 3P07 3D17

1.04

1.03!

1.00-

fﬁ ] to ¢
77 (0) | A7 (0) | As(1) | As(4)

0.99 - e o o w
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L[fm]

Lu Meng (& #%) | Long-range interactions from the lattice QCD in a small box



)S aboration — Summary _
%j | 21 0802709 ) e A proof-of-principle of an alternative method of Liischer’s formu Lattl 06202 1
E . e LSE or BSE in plane wave expansion+projection operator technique reduction to irreps
2109.01038 = Including partial wave mixing effect naturally, avoid complications of PW expansion
= Rest and moving two-particle systems, spinless, equal mass

e Non-relativistic example: spin-triplet NN

2202.10110 = S-wave dominant states: LF works well for L = 5 fm E FT

= P-wave dominant states: OPE—large PW mixin

— EFT-based approach in the plane wave baSis: Vi + Vi, e Vi, + VO 4 v 2

cont cont***

D

£
- L
% [
:—o
o L
T
]

Lattic , M. Padmanath, S, Preloyse data
) : = Advantages: 1) insensitive to PW mixing artifact; 2) small box (long-range interaction)
1.04 A
, 1031 Finite-wvolume scattering on the left-hand cut Andre Baiao Raposo i;ﬁﬁ
Q
Q " ' 4
u\_',E 1.02 4 Curia I, WH25W 13:30 - 1350
™y o \\ 230309441 Breakdown of Lischer Formalism near Left Hand Cuts Md Habib E Islam i;ﬁﬁ
1.01 h
s o Curia I, WH25W 13:60 - 14:10
1.00 - bb
""T (;) A-(0) . Resolving the left-hand-cut problem in lattice studies of the doubly-charmed tetraguark Steve Sharpe i;ﬁﬁ
T 1 Ax(1
0.99 - i 3' T T T T Latt|C92023 Curia I, WH25W 14:10 - 14:30
[fm

Finite-volume scattering on the left-hand cut
/ ML Du et al

André Baido Raposo, Maxwell T. Hansen
Mav 30, 2023

\

Son 2311.18793 - Modified Luscher QCs
§ 005 2312.01930 e Print: 2311.18793 [hep-lat) _[T@Mework and toy models

-00sf
-0.005 0.000 0.005 0.010

Solving the left-hand cut problem in lattice QCD: T,..(3875)" from finite volume energy levels

(o/ Ene )2 Lu Meng, Vadim Baru, Evgeny Epelbaum, Arseniy A Filin, Ashot M. Gasparyan
D nn«
Dec 4, 2023
13 pages H . . .
e Prnt 231201930 fhep-lat] EFTin FV Application in Tce
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Two approaches

® Hansen’s approach  Raposo:2023oru
» FV: lattice data fix K °°

® Our approach
» FV: |lattice data fix contact terms

wn(p)? =my + P, p=(wn(k), k), D = (wn(k"), k)

1 1 1
_4w1w2 (E—wl—wg_E+w1+w2)
I (w1 + wa)

- 2wiwo F’z — (w1 +wo)? + i€’

(=1 Model-independent?
You have to choose a parameterization of X °5: ERE
To some how, the ERE is equivalent to the contact EFT

. ! o oooooosoooososonoooy
Ui o T L[k MNP, k) HED KT (Pk,p) ! d*q !
) B e G | TeP ) = Vet [ 5 VeGP )]

I ___________________________________________________________________ 1
: & '\\ 2
T / 108 / 2 I VEFT B “: '

K'(P,p,p') =K (P,p,p") +29°T(P,p,p'), l P E—

|
1 47 Yo (k%) Vi, (k*) Oppugore [+ |64 el = (82)%] | J(qn)

Sk*ﬁm,k’*f’m’(Pa L) = 27,3 : E4LdN(k []Ekgs)z — (k*)Q] ’ | G(E) - L3 G(Qna E)(sn’,na V — V(Qn: q'n,’)

|
1 A - 1 I
it gty (P) = = / A A Vi ()Y (K1) X —————— o / dq" 1 1
47T|k||k | (p _p) _Mn : G((},E)—@ QI (P—q)Q—m%+ieq2—m§+’£€
|
|
|
|
|
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Summary and Outlook

® Validation of Luscher's formula

_________________________________________________________________

@ e "L effect can be neglected i Invalidate

@ Considering the PW mixing effect ——

@ EFV well above Ihc

@ERE works in IFV  py-2023hliu
® QOur formalism

Chiral EFT

D* D D* D D* D

EFV ______ BVE ‘\f + >< + o
s semors g (e G

e Left-hand cut
T,

One-pion-exchange interaction

Infinite volume

— Phase shifts
— ERE parameters
— Pole positions

» Better fit than QCs
» The possible partial wave mixing effect
» EFV below the left-hand cut

® QOutlook

» 3-body system in the FV |dentify OPE from QCD, 20357

One-pion exchange interaction

‘ Yukawa, 1935

» Identify OPE from QCD
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P-wave resonance

V - AV
0.006 —— : : 0 s e —
: : [a — 0.497 4+ 0.007 fm? i
0.005F : r=5.629 4 0.190 fm
: : i 4.5 4 3.5
i 0.00 = = ®
0.004+ i
A : 3° |
= A — A
< 0.003; g -001 250 |
< : m A
cco i - F 2
2, I -0.02+ °®
0.001F i
i 1.5
: » °
0.000¢ ~0.03} 1.
0001 L U S R ]
-0.005 0.000 0.005 0.010 0.015 0.020 ~0.03 -0.02 -0.01 0.00 0.01
(»/Epp-)? Re E [GeV]

Pole: —0.030 — j0.031 P-wave DD" resonance !!!

+> Three superstars +

Thanks for
. P-wave states?
1cc(3875), X(3872), Z.(3900); -Talk in SCNU your attentions!

S-wave D*D/D*D or DD* molecular states
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Back up



Cutoff dependence of x>

® 3 LECs: LO and NLO °S; contact terms, NLO *P,

® In V... fit, the P-wave dominate states control A-dependence of the x?
» The shape of the of k3cot &, is determined by regulator and cutoff
» Sensitive to A

® The V..+ V;, fit is stable with A

2_5 T T T T T T T T T T T T T T T T I T T T T I T T T T
® The V.+ V,, fit is even better than QCs l -o- Fit I: cont. ]
2.0- - Fit 2: cont.+OPE -
o 15- |
= ,
S
~ 1.0 :
feeeoMNeeeoieo e X using LUscher’s QCs |
0.5- :
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Cutoff dependence of phase shift

A=07-12GeV

: 0.006
0.20" : i
i 0.005+
0.15 . i
i 0.004
S 010 : ; Ih
Q . — e L C
= : S 0.003- |
< 005 1 < : !
S ] ", i :
0.00¢ 0.001 !
-0.05+ —Fit 2-Re Fit 2-Im| A o_ooo:=— ﬁ;/
: 3¢ | = |sp
. 1 ] - (b ' 0 ]
-01o———— e T T E E H S ST B R -o00Q-—r——tr— L e
~0.005 0.000 0.005 0.010 0.015 ~0.005 0.000 0.005 0.010 0.015  0.020
(p/Epp-)* (p/Epp+)?
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Detailed derivation of Luscher's formula

O-O+@D D

o =c.r+ @D + OF@FD-..

6-0- 018 0I01® -
Q-0-00@ -

Note: all the [ should be treated in the sense of P.V.

Luscher:1990ux, Kim:2005¢gf, Polejaeva:2012ut

@- <+ +-

® [ cut
1 d3k [ o(e=™H)
Ezk: -/ (211)3] fle) = {power of L

» Only the singularities are important

smooth f (k)
otherwise

® \Vithin on-shell approximation:
GF + GFKGF + .- = GF(]. - KGF)_l — (GI;_vl - K)

1
_ : T
C.(P) = Coo(P) + iA TR

® Poles of C; is the FV energy levels
® Lischer's formula: det [Gz* — K] =0

Lu Meng (& #%) | Long-range interactions from the lattice QCD in a small box



Moving systems

mq = my, A=1
1
nez n—zd nez
d = (0,0,1)
zZ
° ¥ °
e o o e o o e o o

: : 27 Space inversion invariance is broken
® Moving system in the box P = Td + 0

» For LQCD, changing box size is expensive
» Calculate EFV of moving two-body systems in a box Rummukainen:1995vs, Leskovec:2012gb

® Box frame (BF) p and center of mass frame (CMF) p*

» For moving systems with m; + m,, states with different parities could mix
®d=(001), Dy, group for m; = m,, C4, group for m; # m,
ed=(110),..
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Including SD transition terms

[ 0.006 ——————— .
0.20! A =09 GeV, x*/dof = 1.71/5 ; : a = 0.496 & 0.006 fm®
““Ha =1.626+1.010 fm, r = 0.201 & 0.295 fm 0.005: : r=5.653+0.170 fm ™!
| 0m = —6.3(£0.5) — i3.1(£2.6) MeV [ :
0.15 : :
l 0.004 1 :
) I Q i :
3 0.10 28 - lhc! q
= : i 0.003:— :
< 0.05} £ y :
*é : S 0.002: : /
= i ", i '
0.00¢ ] 0.001f :
: © LQCs ——Fit 2-Re| | [ . /J
Rl .  LQUs+ERE—— Fit 2"Im| 0.000—— ——+
I e 3 s+ — Fit 2'-Im| F . 3
010:—.——.(a)| 1 1 1 S]". ! ! 1 ! ! ! ! 1 ! ! ! ! 1 : 0001: 1 .(bl) 1 L : .PO 1 1 1 L 1 L 1 L 1 . L L]
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Including 3P2 term

- A =0.9 GeV, x*/dof = 2.81/5
| a =1.442 4 0.469 fm, r = 0.083 + 0.571 fm
| om = —6.7(£0.4) — i4.1(£3.7) MeV

‘h
- ~ -
~

© LQCs ——Fit 2"-Re| |

: 3 &+ ——LQCs+ERE ——Fit 2"-Im| {

:—n——(a)l 1 1 Sln 1 1 ICQI 1 1 1 | 1 1 1 1 | :

~0.005 0.000 0.005 0.010 0.015
(p/Epp-)*

P> cot(51)/E%D*

0.006 — ; .
i : a = 0.497 £+ 0.006 fm®
0.005f r=5625+0.174 fm™*
0.004f :
i ; q
0.003 Ihc,
0.002f 7
: ﬁ;/
o.oooc — .
- (b) R = _
S [0 [ S S S S S
-0.005 0.000 0.005 0.010 0.015  0.020

(»/Epp-)°
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Luscher's formula

® Lippmann-Schwinger equation in the finite volume  Luscher:1990ux,Polejaeva:2012ut

3k

(2m)?
2 2u63(p — k 24

Ghk,2)= ()P Y & Pk oy Gk 2) = Grelk, )+ Cr(k, 2)

(
L pEQ—”n qg _p2 0 _k2
L

T"(p,q;2) =V (p.q) +/ V(p,q)G (k; 2)T(k; 2)

2

with z = my + m, + 2
2u

® The “=" relation is valid up to the exponentially suppressed terms in L
® K matrix in the infinite volume: K =V + VG K

TH =V +V(Gk +Gp)T" =K + KGpT*

® £V corresponding to poles of Tt : interaction-independent form

det[l - KGp] =0, or det|Gp — K~ 1]=0
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Detailed derivation of Luscher's formula

- QD -0z - @ - X+
OO+ @D DD L 5O oty i

power of L  otherwise
0 -+ @) + OE@TD+-

Within on-shell approximation:
F+FKF+--=F(1—-KF)"1=(F1-K)
0-6:- 000 01010
6-0-00@ -

Note: all the [ should be treated in the sense of P.V.
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Luscher's formula: partial wave mixing effect

® Expanding it in partial wave basis
det[GF — K_l] =0,= det[Ml/m/,lm — 01170y COY 51] =0

» Determinate equation of a matrix with infinite dimensions.
» Truncate at some [«

® Reduce to irreps. I;; of point group

Fr.
det[Fym im] = 0 = I, = 0,= det[Fy,] =0

® Obtain the basis of the irreps. |[,m) = |T, [, a) (Projection operator technique) Bernard:2008ax

® L Uscher quantization conditions: det [Mlgl;’ﬁzl, — 8,10, cot 611 =0

Luscher:1990ux,Rummukainen:1995vs,Feng:2004ua,Kim:2005gf,Fu:2011xz,Polejaeva:2012ut,Leskovec:2012gb,Gockeler:2012yj,...
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Luscher's formula: partial wave mixing effect

® Example d = (0,0,1), T = Af, w,,, depends on E but independent on V

Woo —\/5w20
det [M(F’P ) 6, cot 51} —0, MATD = | —VBwxn  woo + Fwag + Fwao

In,'n’
® Truncate at [,,,,,, = 0, one-to-one relation: §,(Ef") ~ EfV

® Truncate at [,,,4,,, > 0, no one-to-one relation
>E.g. {E7" E;"} # {6s(ET"), 85 (E5"), 6p (Ef"), 6p(E3")}
» One has to parameterize the K-matrix
» Effective range expansion

® LUscher's formula: quantization conditions in partial wave basis
® \Why not quantization conditions in plane wave basis + Hamiltonian method?
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Hamiltonian approach in Plane wave basis: |p,,. n)

e Seven patterns of representation space {n, n2, n3 }ain for O, group
= {0- 07 0}1}{31 {U-. 03 ﬂ-}ﬁxﬁ, {0-. a, [I-}]_E:,::].l‘ {0_, a, b}gdxa

e Reduce to irreducible representations (irreps): projection operator e.g. textbook by M.Dresselhaus et.al

: N(T, . a
Pry = Y MR ) D), Prlw) = abyFaa),
gi el

e Anexample: {0,0,a}lex3 =27y & Ty & AT G Ef Ty &T,

e For moving systems, elongated boxes, particles with arbitrary spin...

=18

Symmetric group (character table)iunitary irrep matricesi”,-rep space |p,,)—irreps

e dim of the H : cubic function of L—!

A \P 1
dimw( ”“’) X — ~ O(1000)

10
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Test consistency with Luscher's formula

® Using the LECs of our best fitting

® V.1 and S-wave-projected Vs

® Obtain IFV T-matrix
VS . __VS ___

Physical S-D mixing effect

0.20}

o.15}

IFV B LA

3

EFV

Vean {

® FV+Luscher

Re

—Im

5 0.10
. Q
® Obtain the FV energy levels = _
[ vs0: 5-D mixing, S-P mixing 5 005
IS8
_ i} , 0.00}
® Using Lischer’s QCs to get 6 [
» Single partial wave QCs o008l
1PW QCs fails
® ~0.10 —
~0.005
--0--- QCsand FVEFT | | . QCs and FVEFT
Consistency o inconsistency: LHC
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