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History of the multiquark states

Meson Baryon

Phys.Lett. 8 (1964) 214-215
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Volume 8, number 3 PHYSICS LETTERS 1 February 1964 211 gégg;:lf’ 1964
A SOEEMATIC MODEL OF BARYONS AND MESONS ® AI S, ODEL POR STRON TNOBRACPION SYWMBIRY AND TS SREAKNG Conventional hadrons
M. GELL-MANN ¥
California Institute of Technology, Pasadena, California
Received 4 January 1964 G. Zweig
B CERN~--Geneva
A simpler and more elegant scheme can be C M | | t

constructed if we allow non-integral values for the *) ) ompact tvpe olecular ype
charges. We can dispense entirely with the basic Version I is CERN preprint 8182/TH.401, Jan. 17, 1964. p yp
baryon b if we a.ssig'n to the triplet t the followmg “es
properties: spin 2, 2= -}, and baryon number
We then refer to the members u d-i‘ and 873 °f 6) In general, we would expect that ,bgryons are built not only from the product

the triplet as "quarks" 6) q and the members of the
as apti-quarks . Baryons can now be

constructed fromy quarks by using the combinations

(qqq), (qqqqq) etc., while mesons are made out etce For the low mass mesons and baryons we will assume the simplest

of (qq), (@qgqaq),| etc. It is assuming that the lowest possibilities, AA and AAA, that is, "deuces and treys",

: igurdtion (qqq) gives just the represen-

santiguration (qqq) gives just the represer Multiquark states

of three aces, AAA, but also from AAAAA, AAAAAAA, etc., where A4

denotes an anti-ace, Similarly, mesons could be formed from IA, EAA

® The multiquark states were predicted at the birth of Quark model
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Quark potential models

® A minimal model: one-gluon-exchange+Confinement Eichten:1978tg, Barnes:2005pb--
g g
< 8 < 3 2,2 3b )\’L>\
Viglr) = |2 — 20 e sy 4 (<2 4V, | 2
OGE Confinement
3 =

V(n)-Vlrgl 1o

-2 -

3 L3 _ B
{ Bali:2000gf

- 0.5 1 1.5 o 2.5 3

® Relativized Godfrey-Isgur model Godfrey:1985x]
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Tetraquark states

® Since 2003, many heavy-quarkonium-like

states were observed.
» Hard to include them in the patten —
predicted by quark models 4500} L Z(4430
» Most of them are above the di-meson ya60— 1) i -
thresholds Y@=, ¢ ) T
® The unquenched effect — 0 X(4140) DD 1 2t
= o Y X30L) Ye2(3930) D*D,l*‘,l@ |
% — X(3872) T35, DD Z:(3900) ]
5 el T i
35001 ML SRy xaP)
GI model
Before 2003
e After 2003
3000} ZLUS)
® Ones with exotic quantum numbers are | | | | | | o |
tetraquark states without doubt 0t 1 1t 0t 1M 2% 9 Thieshold 1% (charged)
»Z.(3900), Z.(4020) U
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Tetraquark states

® Recently, more and more hadrons composed of at least four quarks were observed
New naming scheme: Gershon:2022xnn

[csti d] [csti d] ) [c5ud][c5ud]
[CEQC[C[] [CCE E] TC51(2900) ch (3985) [CCﬂ d] Tc§0 (2900)++
P. X(6900) T-50(2900) Z.s(4000) Tc(3875)7 T.50 (2900)°
lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll’»
2006.16957 2009.00025 2011.07855 2109.01038 2212.02716

2304.08962 2009.00026 2103.01803 2109.01056 2212.02717

® Different quark models predicted different results
» Example: T,. states

+300 " predictions of (ccqq) states in quarlqI models : | ® Whatiis responsible for variations?

+200 | : 1 _

100 | | xx: | InteractionS + few-body methodS

DD < % 4 3 e ——

-100 - x XX x ' ® Benchmark calculations

-200+ [ [ |

-300 - | | E o | B 1 (AL1,AP1,SLM)®(GEM,RGM,DMC)
1970 1980 1990 2000 2010 2020 Year

Chen:2022asf
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Benchmark test calculation of a four-nucleon bound states F,';.

J

4 N\ [ i N

Benchmark Test Calculation of a Four-Nucleon Bound State F a d d e eV'Ya ku b oVS ky E q . _ 2 5 . 9 4 ( 5)
o VRN J

H. Kamada *, A. Nogga and W. Glockle
Institut fiir Theoretische Physik IT, Ruhr-Universitat Bochum, 44780 Bochum, Germany Vs N ~N
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§ High Energy Accelerator Research Organization, Institute of Particle and Nuclear Studies, Japan G /U J
8 Department of Physics, Kyushu University, Pukuoka 812-8581, Japan p N
~
K. Varga®™ and Y. Susiki®” [ stochastic variational method || -25.92
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** Institute of Nuclear Research of the Hungarian Academy of Sciences (ATOMKI) , Debrecen, 4
4000, PO Box 51. Hungary N ~
*** Department of Physics, Niigala Universily, Niigala 950-2181, Japan . . .

Hyperspherical variational | | -25.90(1)
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¥ Department of Physics, Universily of Pisa, I-56100 Pisa, Itlaly N ~
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- Kamada:2001tv
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Quark potential models

® Semay-SIIvestre-BraC MOdelS Semay:1994ht, Silvestre-Brac:1996myf

Vii(r) = [——-I—)\Tp—A-l- K el e, ]A >y

3m m;

ALT:p=1and AP1:p =2/3
® Chiral quark models [e.g Salamanca model (SLM)] Vijande:2004he, Gonzalez:2012gka

r 6m;m; rir

Vislr) = |5 (3= sy S0 03) (el =) £ A) | -

Screened confinement

+Ve+ Vi +Vy + V,
® In this work, we use AL1, AP1 and SLM

n-n-n--

0.139 0494 18/0 1968 5279 5367 6.274 2934 9.399
AL1 0.138 0491 1862 1962 5293 5361 6.292 3.005 9424
AP1 0.139 0498 1881 1955 5311 5356 6.269 2982 9401
SLM  0.140 0469 1896 1983 5275 5348 06.2/5 2990 9451

n,K,n,o
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Quark potential models

® Semay-SIIvestre-BraC MOdelS Semay:1994ht, Silvestre-Brac:1996myf

Vii(r) = [——-I—)\Tp—A-l- K el e, ]A >y

3m m;

ALT:p=1and AP1:p =2/3
® Chiral quark models [e.g Salamanca model (SLM)] Vijande:2004he, Gonzalez:2012gka

r 6m;m; rir

Vislr) = |5 (3= sy S0 03) (el =) £ A) | -

Screened confinement

+Ve+ Vi +Vy + V,
® In this work, we use AL1, AP1 and SLM

nun-
0.775 0./83 1.019 0.892 2010 2112 5325 5415 6329 3.097 9.460

ALl 0.//0 0.770 1.021 0.903 2016 2102 5350 5417 6.343 3.101 9.461

APl  0./7/0 0.770 1.021 0908 2.033 2107 5367 5418 6.338 3.102 9.461

SLM  0.7/7/3 0.693 1.000 0902 2018 2111 5317/ 5393 6.329 3.097 9.501

n,K,n,o
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Gaussian Expansion Method
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Gaussian Expansion Method

® Color functions

{[(Q1Q2)3(QSQ4)3]1 {[(Q1QS)1(Q2C]4)1]1 {[(Q1Q3)1(Q2Q4)1]1
Or 0 0 Or

[(Q1Q2)6(73G4)5]1 [(Q144)1(Q2d3)1]1 [(Q134)s(Q235)s
® Spin wave function
Sis =0,1; S5, =0,1 S13 =0,1; 524 =0,1 0O Sy =0,1; 523 =0,1
9 9 ) r
,5’12®S34 - J Or S13®SQ4 — J 514®S23 — J

® Spatial wave functions jemmmmmmmm 5=~

L N

d)nlm(r) - Nlmr e ™ Ylm(r I

And
r, = rga™ !

Diquark-antidiquark Di-meson

Embed both long- and

® Antisymmetrization (e.g. Q; = Q, and qz = q,) : \\Short—range correlations

Y = ‘A[lpcolor X l/)spin X wspatial X l/)flavor]r A = (1—P3)(1— P3y)

|
|
|
: Geometric progression
|
|
|
|
|

I
|
|
Hiyama:2003cu |
|
I
I
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Tetraquark systems

® Fully heavy tetraquark states (QQQQ)
® Triply heavy tetraquark states (QQQq) ®/" =0%1%2"
® Doubly heavy tetraquarks states (QQgq) >Only S-wave

® Single heavy strange states (Qsqq, Q5qq)

q=u,d,s; Q=0>b,c
|

Over 150 states

® In this work, we only focus on bound states Wang:2019rdo, Meng:2021yjr
_ Q0QQ | Q0Q7 | 0Qag
= 0" No bound No bound ®) ®) No bound
] =1% No bound No bound No bound
JP =2% Nobound No bound No bound

® Masses are shifted to align the theoretical thresholds with the physical ones.
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QQg g with J* =17

® Points of agreement
» (007 q]'=° (QQ = cc or bb or bc) bound states ; [bbgs] bound states
» For [bbg q]'=° systems, the 15t excited states are bound states

— —1]=1 . . .
»No [QQg q]'~" states Different with that in Orteda2022efc
e SLM
(1) [ccqq]=° are too deep compared with ex. (200MeV VS 200 keV); (2) [chg5] bound states
4177 T T T - A s s o s P S S S BN A SO 108————————— 77— 77—
--------------------- f);[?? :::::::::::::::::::::B:skpggsl_?s: A & 20 53¢
Z BD; j Z
40- DD*- I — ) 10'7E============be—========£%_
v 1 ) S £ 20 D) - 5 =Y [ qs *B,]
: D*Ds; T e BiDpp« 106: Phas ) bbgs ~ Bp]
- Ol ~21=0 [5~-11=0 ]
.S. 39F o A L B*D_ :[beQ] [beQ] [bbq(ﬂ]—o
(50 ___j__:o_[thqir _____";___D-D‘*__ 7-2:-:_—I;O---__-I-_(-)———-——-------——: L
= lecqq™™ ' r(cbqq” " [chgq)'= 1 105F - -
= - . I T ] [bbgq)'=° [bbgq) =°
= 38¢ - [ : : -
' | 7af 1 104f -
I — 1 1=0 [
377 [ccqq] - _ | 103f ]
_ 1 70t [cbaq)"=° - [ [bbgq)"=°
L JP =17 ] FJP =1t I FJP =17 -
3.6 ! ! ! ! L ! ! | | ] 102 ! ! ! !
ALl APl  SLM  Exp. ALl APl SLM  Exp. ALl APl SLM  Exp.
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QQq q with J* = 0%,2*

TABLE VII. Properties of the Ty, candidates as B*BX)

® P0|nts Of ag reement molecules in the J© = 07 and 2" sectors obtained in this
work. Masses, widths, binding energies and partial widths
» [cbg g]'=° bound states for J¥ = 0%, 2% are shown in MeV/c”. Ortega:2022efc
o J I Width Ep  Ppp Ppp- I'pp I'pp-
® SLM: CbC[S bound states for]P = 0+, 27 01:50553_0 ) o 6.0 92% 8% 0 0
. _ ot 10640.7 2.8 87 T6% 24% 2.8 0
® AP1: bbgs bound states for J© = 2% Qs 0 ma ew % 0 o
10672.6 72.0 —23.2 39% 61% 30.7 41.3
2% 1] 10642.3 0 7.1 - 100% - 0
The S-wave BB states can not be /' (I) = 07 (0)
7.4 | L LI | L LI | T L L L T | | T T L T LI T LI T L T T ] 10_80 T LA R L L B L I DL L L B L L R L L L |
: B:Dsl _ | ]
I 7'55:_ B:DH
731 ! S ] i -
I BD,] 7.50F 1 1075} 7
ﬁ”-'""""""zbés """"" B.D1 o st B*D3] BBy
Z el =] L L L L L L LI
L I = B*—Dﬂk_ |
& ~C [ cbgs s ]
oy GAH=0- = — - - - mmmmm—m s BDH 40 1 10.70 .
7 G ™ [epgg) : - ] '
= 71f ' 1 ael ]
- S B*D7
{cbgq]' =" [ebgg)™="  [cbgq) =" ; - B*B™
7.30 7 1065~ - - - s e e e -
7.0 . - ; : - [bbaq)" = :
lcbd] 7.25F ]
L JP =0t - P JP =27 - - JP =27
6.9 —~ | | ' 7.20— ' ' ' 1 10.60 —— ' ' '
ALl AP1 SLM Exp. ALl API SLM Exp. ALl AP1 SLM Exp.
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csqq systems with J¥ = 0+, 11,27

® Points of agreement
» [csg q]'=" bound states for J¥ = 0%

® SLM:
» [csqq]'=° for J¥ = 1*and cs5q for J¥ = 2% bound states

® Note: The experimental T,,,(2900) and T,;(2900) are close to D*K* thresholds, resonances

2.50 [~~~ T T T T S L L L ) B L L B B L T T v [ T T T v [ v T T T [ v v T T | T T T T
. N Fo 22 I 7] Sl DK={ 3041 1
2.45 I ] ' 1
[ 1 270F ] ! D*6 |
240 ] : 3.021 :
— i 1 265F ]
% i = : 65 i * Tk
@] == == - - - - ------------ DA A (N S S e e DK
n 235[esqq)=° [esqg)=° 1 260F 1 3.00F cssq -
e i [csqq)™=° ] } i 1
530 - 1 255 N
U ; : D*K{ 298} -
250F """ T T T T T T oo oo s mm oo ]
225} ! f [esqq)'=° f
[ 1 2451 N i |
F JP =0t ] L JgP =1t ] 2'96-JP:2+
2.20 ' ' ' L 2.40 —— L L 1 ] . . . .
ALl API1 SLM  Exp. ALl API1 SLM  Exp. ALl API SLM  Exp.
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Mass [GeV]

bsqq systems with J¥ = 01,1%,2"

® Points of agreement

» [bsg g]'=° bound states for J¥ = 0,1

® SLM:

SLM tends to predict

extra states

» [bsqq]'=° and bssq for J¥ = 2% bound states

5.90 [T ] 6.2
————————————— _——————————Bg_ﬂ
5.85_‘ ]
_ 6.1
5.80
e e T BK ] 6.0
5 75 [[bsqq)"=" [bsgq)"=" ]
[bsqq)'="
5.70 1 59
5.65F ]
[ 5.8
3 JP:0+
5-60 1 1 1 1

ALl  AP1  SLM  Exp.

el e e e

bsqq]" =" [bsqq)" " -

ALl AP1 SLM Exp.
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6.25 .
B i
L gP =t T o ]
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Resonating Group Method
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Resonating Group Method

® Dimeson-wave function
Vap(P) = Alpa(pa)ds(ps)x(P)x53 ] | | |
1] 1] |

» ¢, and ¢ are meson wave functions
» We use GEM to get the meson wave functions
» A represents antisymmetriziation operator of identical quarks

Direct diag. Exchange diag.

® SChrOdinger equation of RGM Entem:2000mq, Ortega:2022efc

P/2 ) 3 , , _
(ﬂ_E> X(P)+/d P(VD(P,P)‘|‘ KEm(P7P)>X(P)_O

» V, direct interaction, K, the exchange kernel

® Compared with GEM
» The spin-color-flavor wave functions are complete as well
» The RGM neglecting the distortion of the meson wave functions in the tetraquark system
» Only the di-meson-type spatial correlations are included
» The trial functions are not as general as GEM
Erem = Egem
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RGM results

—— GEM —— RGM
® The RGM gives the smaller binding energies 4.1 ——————————— T
» Without the diquark-antidiquark-type ! 5 ]
correlation : ]
® The RGM results agree with the GEM 4.0 DD*-
neglecting diquark-antidiquark correlation [S==S=sss=ss=s=ss=s==s=====:7 =S =
» Not general enough trail wave function
» Cannot get the ground state accurately — ; '

» A drawback as a few-body method 5 P feeqat= ——= ———== - DD |

However... z | -

= 38r -

® Some quark models (e.g. SLM) constraining i |
the para. using NN phase shifts with RGM

» The spatial correlations other than di-
hadron types are neglected from birth

» Perhaps, it is misleading to use diquark- |
antidiquark type trial functions for these P =17
models Entem:2000mg, Vijande:2004h& .6 ' ' ' '

» Otherwise, deeper or extra bound states

3.7k [ccqq)'= i
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RGM results

® The RGM gives the smaller binding energies 41— > — F-«;-M. — GFM Wi d-'qlfa-rk'fr?t'f'quark
» Without the diquark-antidiquark-type R A S D3D;
correlation - 1
® The RGM results agree with the GEM 4.0F DDz~
neglecting diquark-antidiquark correlation FEs==ss=sss=s=s=s=s=======%0:° 7—)?5;

» Not general enough trail wave function
» Cannot get the ground state accurately— 5 g i |
» Adrawback as a few-body method 5 [ - _° qr - e = DD
[ceqq) ="

However...

Mass [GeV

381 .
® Some quark models (e.g. SLM) constraining i |
the para. using NN phase shifts with RGM

» The spatial correlations other than di- 37 i ceqq)'™ i
hadron types are neglected from birth '

» Perhaps, it is misleading to use diquark- |
antidiquark type trial functions for these L JP =11
models Entem:2000mq, Vijande:2004hé3.6

» Otherwise, deeper or extra bound states
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RGM: promising method for tetraquark resonance

® Due to the color confinements, some thresholds make no sense

» The four quark threshold (¢)(¢)(@)(q) ol S\ YRt ’*‘H‘
> The (993)(), (439) (q) thresholds S L SEOR &%
» The diquark-antidiquark threshold (qq)(qq) :ﬁ ”b\ N ‘ ?“g
—100} ) o © \"\1 \
® For continuum, only the di-mesons are relevant D.O.Fg: Ll : A
0 o 6=0° N o o
® RGM in p-space: “wop 5 v . o o
» Coupled-channel two-body scattering s} z:j e
» Simpler Riemann sheet structure (than 4-body system) FC=1" . Wang:2022ye
—300—5 6.3 6.5 6.7 6.9 7.1 73

E [GeV]

® Slove the RGM in p-space
» LSE + Inverse matrix method Entem:2000mq, Ortega:2022efc
» Schrodinger Eq. + Generalized Complex Scaling method Lin:2022wmj, Lin:2023dbp, and work in preparation
Solving Fredholm determinant= Eigenvalue problem
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Diffusion Monte Carlo method
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Motivations

® The computational cost of variational methods
increases exponentially with N

» Computational cost of No-core-shell-model
» A variational method using HO basis

® The three-body and four-body force Nmax to converge ground state |

7

Limit of petascale
(10" FLOPS) computer

® Confinement mechanisms in multiquark states 1x10™

1
|
1
Takahashi:2002bw b

1x1010
1x10°
1x108
1x107
1x108
1x10°
1x10%
1x103
1x102
1x10?
1x100

- ei_i -~ 24\1g
- 1PB - 28g;j

Matrix Dimension

~ 120 = 32g
|

Vary:2009gp |
'"I'"I"'I"'l"'ll"'l"'
0 2 4 6 8 10 12 14

N o, (Trunction of basis)
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Motivations

® DMC method is a mature approach in molecular physics, solid physics and nuclear physics
Reviews: Carlson:2014vla, Foulkes:2001zz; QMCPACK [https://github.com/QMCPACK/gmcpack]
® Some advantages of DMC

» No presumed clustering

» Milder increasing computational cost as particles numbers
» High precision

® Applications in multiquark systems:

» Gordillo:2020sgc ccce
n®HL,  JP¢ DMC JPC DMC
fe 1's, 07+ 3005 0+t 6351
Iy 135, 17— 3101 15— 6441 My, —2M, = 241 MeV
B, 1S, 0+ 6292 27T 6471 cece c
B* 135, 17— 6343

o 1S, 0+ 9424
T(1S) 135, 1 9462

» Bai:2016int: (bbbb) bound states

Hjorth-Jensen:2017gss, Bai:2016int, Gordillo:2020sgc, Ma:2022vqf
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Diffusion Monte Carlo

® Imaginary Schrodinger equation: t — it

Ov(R,7) [ V? ¢~ [Ei—ER]7
— 5 — —%—]—V(R) \IJ(RT Zcz )

lefu3|on Source or Sink

» Diffusion equation
» Picture: Salt in a still river
» If we take E, — E,, the W(R,t) will approach to the ground state when t —» o

® The Green’s function
B(R. 7+ Ar) = / GR.R A W(R. )R, G = GG
_<V(R)-|—2V(R’)_ER>t

m(R R)2

Go(R,R',t) = (2nt/m)~>/%e” Gi(R,Rt) =

® Diffusion Monte Carlo
» The wave function is sampled by walkers : distribution of the walkers = WY(R, t)
» ¥, (R, t): an state is not orthogonal to the ground state
» Diffusion: random walk
» Source or sink: death-birth process
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Algorithm

® \Walkers: in space D=3N

® Algorithm

1. Sample initial states

2. Random walk: Gaussian distribution

m(AR)2

(2rAT/m) 732" Toar

3. Death-birth: replicate the walkers n, times

_ V(R)-|-V(R’)_E Ar
n, = Floor [e ( ’ R) + u

» u is uniform distribution in [0,1]

4. Repeat 2,3..., until the equilibrium
» The distribution and total # of walkers are stable

® No numerical integration
® Manipulates in the 3D Cartesian coordinate, no partial wave expansion, no Jacob coordinate, no

complex angles relations
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Algorithm

® \Walkers: in space D=3N

® Algorithm

1. Sample initial states

2. Random walk: Gaussian distribution

m(AR)2

(21 AT /m) 73/ "oan

3. Death-birth: replicate the walkers n, times

_(V(R)‘l‘V(R/) —ER)AT T
2 _|_ U

n, = Floor |e

» u is uniform distribution in [0,1]

4. Repeat 2,3..., until the equilibrium
» The distribution and total # of walkers are stable

® No numerical integration

® Manipulates in the 3D Cartesian coordinate, no partial wave expansion, no Jacob coordinate, no
complex angles relations
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A simple example of Naive DMC

2
® One-dimensional HO:H = 19 + - x2 Ey=0.5 n, = Floor |e

2 0x?
® : .
Initial wave functions: a constant Walkers where the potential
® Clear exponential decay of the energy towards the exact E, changes drastically, lead to large

® The # of walkers depart from the central value by more than 3% fluctuations of the population

B ( V(R)-I-QV(R’) _ER) Ar T

- Atx 10
-= Atx 10’ —
= ATx 107
—- Atx 10°
— Atx 10"

2050 [~ —

# of walkers

1950 -

log(E)

arbitrary units

. | .
0 500 1000

7/AT (X 103)
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Importance sampling

® Introduce importance function:y and sample f(R,t) = Y(R, t)Y(R)
® Schrodinger equation with importance sampling

_8f(£’t) =y 1'V72nif(R,t)—|—Z ;'Vri(Fi(R)f(R,t))—l—[EL(R)_ER]f(th):

=1
L J v L

Random walk Drift Sink or source

> E.(R) = Yr(R)"'Hyr(R) and F;(R) = 27 (R)™'V,. 7 (R) = Vin|yr|?
» Convection—diffusion equation
» Picture: Salt in a flowing river

® The Y+ should approximate the ¥, as closely as possible

® Green’s function of drift term:  Gy(R, R',t) = §(R — R’ — F{E)y)

2m
: . F(R')
» make a displacement: =t

® Function 1: guiding the walkers to regions of the wavefunction with larger amplitudes.
F;(R) = VIn|yr|?

® Function 2: reduces the fluctuation of the population of walkers
E.(R) =¢r(R)'Hyr(R) = E,

Hjorth-Jensen:2017gss, Bai:2016int, Gordillo:2020sgc, Ma:2022vqf
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Importance sampling

® In the practical simulation, the ¥, is unknown beforehand
® Two-body Jastow correlation factor

oot =Tlew (72557

1<J
® [n our calculation
¢T(R) — He—az’j’f’ij 210 ———Mm8™—Mm—————————— -
i< ! —— w/o importance sampling
» a;; are adjustable constants ol ——  W/importance sampling )
to minimize the fluctuation ]

® \Vith importance sampling, the fluctuation

Is reduced
1950 ]

S S S S S S S S
0 200 400 600 800 1000

step
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Coupled-channel in DMC

® Coupled channels
V(R 1) =) Vo(R,t)Xa,

0

gt“’ =Y HoaVo — ErVy .

® Sampling F
fa(R, t) = T/JT(R)IIJ&(R# t) )

FR.) =) fa(R,1).

® Assuming F is positive such that can be sampled by distribution of walkers

Gordillo:2020sgc
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Baryons

® \We choose the AL1 and its revise versions
® Two different confinement scenarios

® |n variational method: It is hard to calculate the matrix elements of Vc’fmf

A _ g
/ dpdNY; (5, ) Linin (9 X, cos(p, A))b; (5, A) Veont =08 i< T3
Lopin = [%(aQ-I—bz—l—cz)—l—@\/(a +b+c)(—a+b+c)la—b+c)la+b— c)]1/2
» Numerical integration
» For the tetraquark states: no analytical results, Smiths algorithm
® In DMC method, the flux tube interaction: No extra computational cost VY =0y Lmin

» \Walkers in 3N Cartesian coordinate

® Using Smiths algorithm to prepare for the tetraquark calculation in the future

_ D. Smith, Algorithmica 7, 137 (1992)
® Coupling constants

» o, from AL1 model
» Flux tube-I: oy = 05, = 20,, Flux tube-ll: fix gy from Q(sss) mass, gy = 0.920405,

Takahashi:2002bw  Lattice QCD: gy = 0-9355qu
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Results of baryon

® A lesson from nucleon calculation: include the basis completely
> |N)rae = Xs51c(1,2,3)* X °(ry, 15, 73) : not general enough
» Other basis

V) = x51c(1,2; 3)‘4 X P> (r1y; 13) + Antisymetrization 030 T
0.25}¢ ? — ud ALl
GEM Faddeev DMC E = e ud Flux-tube 11
IN fac 968 966 - - - 939 5 e
= i us Flux-tube I
Complete 930 930 933 1059 975

: \\"-' us Flux-tube 11

0.05p

® The flux-tube potential is doable 0.00}

p_ L7
J =3 S(nns)

® Flux-tube-ll is more reliable 025 ALl

ey . g . . . I — = nn Flux-tube |
® For baryons it is hard to distinguish two confinement mechanisms Joeop . _:ubeu-
0.5 < Lpin < (.58 ?{0-155 ——- ns AL
) - LA - | * o101 . ns Flux-tube I |
/ ‘ ‘\\ —-= ns Flux-tube II
» More complicate spatial configurations for tetraquark state R/ AN '
Could be used to distinguish different confinement scenarios I I T R E—

rlfml
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DMC in quark models

® Cannot get the di-meson thresholds (real ground state) for the systems w/o bound states

® Our advancement: including the extra two channels

Gordillo:2020sgc

Ma:2022vqf

» Obtain the di-meson thresholds independent of the importance functions

0f
I

e 4 channels a;; = 0.2 GeV

® 4 channels Ajj=13,24 = 0.62 Ge\/, Q413,24 = 0.001 GeV

o 2 channels A;j=12,34 = 0.20 Ge\/, Q;j+£12,34 = 0.36 GeV ]

Gordillo:2Q20sgc
T T T T T T T T T T T T T T /--
i — : P _ nt ] r 105 -
| (ece) with J¥ =07 S E {m) (12)3° (34)5: | " 075 (12;34),
WT A P T i i o] L ¢ S

- -03
T2) = [(12)} (30)%] " v55(12;34)
— -08 =
73) = [(12)%: (34)% |~ w4 (12:34), [ U

= [

_ - Ds
T4) = |(12)g: (34)g7 || i (12:34)

- [

o 1.1, threshold

ér(R) = [[ e

5000 10000 15000 20000 i<

step
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DMC in quark models

® Get a di-meson type ground state without presumed such kind of correlation
» The importance wave function with even two-body correlations give the di-meson thresh.
A12 = Q13 = Q23 = A14 = d23 = U3y

® In variational method, it is hard to get the di-meson without the di-meson type in basis

® No need presumed clustering behaviors!!! 7600
. . . Hyperspherical harmonic basis
6.4} ] -
; : X
;ﬁwﬂm e e e S e N ~~ N— T
63 ] 7200 — x\)gCCC,O
. . [ o 2 channels Aij=12,34 = 0.20 Ge\/, Ajj+£12,34 = 0.36 GeV x x‘x‘x XX — —
= : ] il
i 6.2F ® 4 channels a;; = 0.2 GeV - =
i 1 > 6800 —
<~ | ] on: _ a
€3 [ ® 4 channels ajj—1324 = 0.62 GeV, a;j£13.24 = 0.001 GeV ] E’ Extrapolation: E(K) = E(c) + Kb

9\
i
1
|

=3 7.1, threshold ~ % —

= 0+ +
,0

5000 10000 15000 20000

w0 — Threshold, 0t +

—QijTij t
T/}T(R) — H € ' PP T | T | T

1<J

0 10 20 30
Barnea:2006sd K (Trunction of basis)
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Results from DMC

® The DMC with the present coupled-channel strategy give the higher energy than GEM
® The DMC performs better than RGM

08— oo oo Al 7
- 239 s N il D; D’
10.7 —E _EE R R R R R R R EEeEEeEeEeEeEEEE= =B=BZ_-: i > * T
Ry = 0gs. B*B,] a0 DD
:_.qs_ —0bqs BE*] I D*D,
106 =71=0 frpomie0 ~~ "~ """ 7 il I ]
3 [ —— 3 iy A=l == = - e === = - - DD~
:I 105 _[bb 11=0 ] ] ? _[chcﬂ =0
2 [|bbgq|” — bbaa I=0 2 | ]
= i [ qq] _ = 38F .
104 .
[ 37 I [ceqq)'=° i
10.3_‘ 0 . 8
L —Lb-b-qq-]—__ - 4
g =171 - ] [ JP =1t
10.2 | | | | 36 | | | |
ALl AP1 SLM Exp. ALl AP1 SLM Exp.
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Systemic uncertainties

® Time-step uncertainty
® \Walker number control uncertainty
® Choice of importance wave functions

® Fermion sign problem (Main problem)
» The density of the walker is always positive
» However, the wave functions can be negative
» The present coupled channel strategy
» Better choice: fixed-node method, fixed-phase method...

® Other possible improvement
» The wave function of the discrete quantum numbers can be sampled
Auxiliary field diffusion Monte Carlo
» Optimize the initial function and importance function
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Summary and outlook

® Investigate the tetraquark bound states with (AL1,AP1,SLM)Q(GEM,RGM,DMC)
> (QQQQ), (QRQY), (RQ7Y), (@577, (Q3q7)

® Recommended tetraquark states below di-meson thresholds (consistent predictions of 3 models)

JP =1* | [ecqql'= | [bbqq)'=" | [bcqql'= | bbgs | [bsqq)'=®
JP =0% | [cbqql™™® [csqql™®  [bsqq]™=°
J¥ =2% | [cbqq]™=®
® Unfortunately, disagreements in three methods

® GEM performs the best for bound states calculations

® RGM: not general enough to give the ground bound state
» For quark models born with RGM, it is inconsistent to include diquark-antidiquark correlations
» Promising to deal with resonance states

® DMC: improved to give the di-meson threshold
» Can be further improved: Aukxiliary field diffusion Monte Carlo, fixed-node method

» Flux-tube confinement potentials for tetraquark states
» Resonance state by putting the few-body system into finite box or a-I\jve @n l?S fOr yOU r
attention!
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Backup
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Resonances within DMC method

® Put them into finite box or a well Wiese:1988qy, Gandolfi:2016bth
® Similar to the real scaling method
® More methods to calculate resonance: see the papers about tetra-neutron resonance

Figure 2: The finite volume spectrum of the free and
the interacting model.  Wiese:1988qy
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Methods to obtain resonance and virtual states

® Complex scaling methods with GEM
» It is hard to detect the higher states
» The unclear relation with Riemann surface
» The tetraquark resonance: two-body scattering problems (confinement)

® RGM + Complex Scaling in coupled-channel two-body problem

oI nPQSMIN  ndBS)n B Solving Freedholm determinant= Eigenvalue problem
" . ;
I A Im(p)
L
o Na ¢<— bound state
L4 s, |
—100} . @ !
J— \"\ e A :
E \\v \\\ ) ;‘\\ Re(p)
\ : \
'.'E —150 o . : S .
I_|' o g=0° o \‘, < ¢ |
—200} A 9=8° . !
o 6=10° N @ ° |
o 6=12° !
—250¢ v B=14° v : \\
| resonance ®
JC=1*" Wang:2022ye | \\
.
— L L L L " L " I \\
0025 6.3 6.5 6.7 6.9 7.1 73 | N

E [GeV]
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Comparison

TABLE VI. Mass and binding energy (in MeV /c?) and prob-
abilities of each channel (in %) for the J P — 1t Ty, states
predicted in this work.

MaSS EB | rPBUB::-F ’PB+B*G ’PB*+ B*0 ‘ ’PI:D PI:]_

10582.2 21.9 47.8 50.0 2.2 99.99 0.01
10593.5 10.5 51.0 48.6 0.4 0.02 99.98

Our results: there is no isospin vector states
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TABLE VI. Mass and binding energy (in MeV /c?) and prob-
abilities of each channel (in %) for the J© = 17 Ty, states
predicted in this work.

MELSS EB | PB”B“"' pB"‘ B*0 PB*"‘ B*0 PI:O PI:l
10582.2 21.9 47.8 50.0 2.2 99.99 0.01
10593.5 10.5 51.0 48.6 0.4 0.02 99.98

TABLE VII. Properties of the T, candidates as B®) ™)
molecules in the J© = 0" and 2% sectors obtained in this
work. Masses, widths, binding energies and partial widths
are shown in MeV /c?.

JP¥ I| Mass Width Ep Psp Pp+p+ I'sp I'p+p=
&m 0 6.0 92% 8% 0 0

0+ 7 28 87 T6% 24% 28 0

105459 0 131 93% 7% 0 0

10672.6 720 —23.2 39% 61% 30.7 41.3
21 1| 10642.3 0 7.1 - 100% - 0

1

The S-wave BB states can not be J¥(I) = 07(0)



Fermion sign problem in DMC

® The density of the walker is always positive

® In principle, the mathematical ground state of few-body system has no node

® Considering the identical particles, the Antisymmetrization of the fermions introduce the nodes
® For boson systems, the excited state wave functions have nodes

® How to get Y (R) with negative part?

® Naive strategy:

> Y(R) =¢*(R) -y~ (R), *(R) >0and p~(R) >0

» Give each walker a label: (+) or (-) to sample y*(R) and ¥~ (R) respectively
» 1" (R) and v~ (R) will approach to the same mathematical ground state y,(r)
» Significant cancellation!!! Large noise!!! Fermin sign problem

® Fix node: kill the walker across the nodal surface
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Statistical uncertainties of DMC

® Jackknife resampling method

R
o1X) = \/ R LK - X2

i

R—1gn o :
— T Z(X(i)jack - Xja.ck)2 .

1

® Statistical uncertainties: less than 1 MeV

0.20 ———— '
0.15} 5= Var[X,i(z)]

= R/K

= 0.10f

© [
0.0sf 7 - oo
000 v v 0 v v

1 2 3 4 5 6
K
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Proton results

[N)iae = X57(123)0°(123),

A1) = x2(12; 3)){_?(12' 3)1(1;2;3), A FT1 FTI Exp
g A DMC VAR Faddeev

A2) = Xi(l )Xi(l 13)¢2(152;3), IN(123))tac 968 966 1059 975

A3) = xi (12;3)x 7 (125 3)93(1;2; 3), - R o

A1) = x{ (12;3)x7 (12:3)¢a (1 ?2,3) o el o

B1) = x5 (12;3)x7 (12; 3)y7 (125 3), IC1), |C3) /930 933/ /939

B2) = x7(12;3)x7 (12; 3)105' (12; 3), [C1),|C2),|C3),|C4) /1 930 /o

B3) = Xﬁ(lg;?’)x?(l? )?,D;f(l? 3), |B1),|B2),|B3), |B4) / 930 / /

B4) = Xf(1213))<f(12 3)¢f(12 3), |A1), |A2), |A3), |A4) 930 930 1019 936

|Ci) = |Bi) + even perm. (1,2,3)
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